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PREFACE. 



The object of the following treatise is to Exhibit, in a condse 
form, the elementary properties of the expressions known by 
the name of Laplace's Functions, or Spherical Harmonics, 
and of some other expressions of a similar nature. I do not, 
of course, profess to have produced a complete treatise on 

* 

these functions, but merely to have given such an introduc- 
tory sketch as may facilitate the study of the numerous 
works and memoirs in which they are employed. As 
Spherical Harmonics derive their chief interest and utility 
from their physical applications, I have endeavoured from 
the outset to keep these applications in view. . 

I must express my acknowledgments to the Eev. C. H. 
Prior, Fellow of Pembroke College, for his kind revision of 
the proof-sheets as they passed through the press. 



N. M. FERRERS, 



GOMVILLE AND CaiUS GOLUSGfi, 

Aitgust, 1877. 



F. H. 
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CHAPTER L 



INTRODUCTORY, DEFINITION OF SPHERICAL HARMONICS. 

1. If F be the potential of an attracting mass, at any 
point X, y, z, not forming a part of the mass itself, it is 
known that Fmust satisfy the differential equation 

d^^d^^d^ " ^^^' 

or, as we shall write it for shortness, V*F=0. 

The general solution of this equation cannot be obtained 
in finite terms. We can, however, determine an expression 
which we shall call F<, an homogeneous function oix^y^z 
of the degree i, i being any positive integer, which will 
satisfy the equation; and we may prove that to every such 
solution V^ there corresponds another, of the degree — (t + 1), 

expressed by -^ , where r* = a?* + y* + «\ 

For the equation (I) when transformed to polar co-ordi- 
nates by writing a; = r sin ^ cos ^, y = r sin ^ sin ^, « =s r cos Q^ 
becomes 

d}{TV)^ 1 df. .rfF\ 1 ^1^ n ^9^ 

••-^?-+sO de ['"''^Wj-^^^e -#« "°-(^)- 

And since V satisfies this emiation, and is an homo- 
genous function of the degree i, k^ must satisfy the equa- 
tion 



t (i +l)V, + ^~ f sin d —') + -A 
^ ' * SUX& aO \ ad J sm 



d*F; 



= 0, 



'6 df 

F. H. 1 
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or 



since thiar is the form which equation (2) assumes when V 
is an homogeneous function of the degree », 

Now, put F] = r^*** U^, and this becomes 

I 

Now, since Z^ is a homogeneous function of the degree 

-(i + 1), 

dr * dr 

='- » p; ; 

dr* dr 

therefore equation (2) becomes 

cP(rR) 1 d f . ^dU\ 1 rf'C; 



ar- sin 5 rf^ 






«hewing that U^ is an admissible value. of F, as satisfying 
equation (2). 

It appears therefore that every form of U^ can be ob- 
tained froiji y,, by dividing by r'*"^\ and conversely, that 
every form of V^ can be obtained from U^ by multiplying 
by r^\ Such an expression as Fj we shall call a Solid 
Spherical Harmonic of the degree i. The result obtained 
by dividing 7, by r*, which will be a function of two inde- 
pendent variables 6 and ^ only, we shall call a Surface 
Spherical Harmonic of the same degree. ,A very important 
form of spherical harmonics is that which is independent 
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of <!>, The soKd harmonics of this form "mil involve two of 
the variables, x and y, only in the form a? + j^, or. will be 
functions of a?' + y* and z. Harmonics independent of ^ are 
called Zonal Harmonics, and are distinguished, like spherical 
harmonics in general, into Solid and Surface Harmonics. 
The investigation of their properties will be the subject of 
the following chapter. 

The name of Spherical Harmonics was first applied to 
these functions by Sir W. Thomson and Professor Tait, in 
their Treatise on Natural Philosophy. The name " Laplace's 
Coefficients" was employed by Whewell, on account of 
Laplace having discussed their properties, and employed 
them largely in the Mecanigue Celeste. Pratt, m his 
Treatise on the Figure of the Earth, limits the name of 
Laplace's Coefficients to Zonal Harmonics, and designates 
all other spherical harmonics by the name of Laplace's 
Functions. The Zonal Harmonic in the case which we shall 
consider in the following chapter, i.e., in which the system 
is symmetrical about the line from which d is measured, 
was really, however, first introduced by Legendre, although 
the properties of spherical harmonics in general were first 
discussed by Laplace; and Mr Todhunter, in his Treatise, 
on this account calls them by the name of "Legendre's 
Coefficients," applying the name of " Laplace's Coefficients " 
to the form which the Zonal Harmonic assumes when in 
place of cos^, we write co8^cos^ + sindsin^'cos(^ — 0'). 
The name " Kugelfunctionen " is employed by Heine, 
in his standard treatise on these functions^ to designate 
Spherical Harmonics in general. 



1—2 



1 1 



CHAPTER 11. 



ZONAL HARMONICS. 



1. We shall in this chapter regard a Zonal Solid Har- 
monic, of the degree i, as a homogeneous function of 
(a? +y^)i, and z, of the degree i, which satisfies the equation 

da? dy* ds^ 

Now, if this be transformed to polar co-ordinates, by 
writing r sin Q cos ^ for a?, r sin Q sin ^ for y, r cos Q for «, we 
observe, in the first place, that a^+y* = r*sin*^. Hence 
V will be independent of ^, or will be a function of r 
and Q only. The differential equation between r and ^ 
which it must therefore satisfy will be 

ar sm^ ad V «^/ 

Now y, being a function of r of the degree i, may be 
expressed in the form r*P<, where P, is a function of d only. 
Hence this equation becomes 

or, putting cos 5 = /a. 

In accordance with our definition of spherical surface 
harmonics, P, will be the zonal surface harmonic of the 
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degree t. When it is necessary to particularise the variable 
involved in it, we shall write it i^ (/i). 

The line from which is measured, or in other words 
for which ^=1, is called the Axis of the system of Zonal 
Harmonics; and the point in which the positive direction 
of the axis meets a sphere whose centre is the origin of 
co-ordinates^ and radius unity, is called the Pole of the 
system. 

Any constant multiple of a zonal harmonic (solid or 
surfacej is itself a zonal harmonic of the same order. 

2. The zonal harmonic of the degree i, of which the 
line /A = 1 is the axis, is a perfectly determinate function of 
II, having nothing arbitrary but this constant. For the 
expression f*P, may be expressed as a rational integral 
homogeneous function of r and z, and* .therefore Pi will be 
a rational integral function of cos 6, that is of /i, of the 
degree i, and will involve none but positive integral powers 

of /Lt. 

But P^ is a particular integral of the equation 

and the most general form of f(ji) must iiwolve two ar- 
bitrary constants. (Suppose then that the most general 

form of/(/Lt) is represented by P, jvdfj,. We. then have 



+ 2(l-^«)f« + P,|j(l-;.«)..}. 



Hence, adding these two equations together, and ob- 
serving that, since P, satisfies the equation (3), the coefficient 
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of jvdfi will be identically equal to 0, we obtain, for the de-* 
termination of v, the equation 

whence -P,(l-/**)^+2{(l-/*')^-A*-PJ» = 0, 



or 



UT'i-^h-"- 



the integral of which is 

log V + logP,* (1 — /i*) = log (7j = a constaat ; 

Hence jvdiJ. = C+C,j p. n -^'j > 

and we obtain, for the most general form oif(ji), 

NoWy P| being a rational integral function of [i of i 

dimensions, it may be seen that \y^ tt-tt^ will assume the 

form of the sum of t + 2 logarithms and i fractions, and 
therefore cannot be expressed as a rational integral function 

of II, Expressions of the form P, / , ^ , p, are called KugeU 

fundionen der zweiter Art by Heine, who has. investigated 
their properties at great length. They have, as will hereafter 
be seen, interesting applications to the attraction of <a sphe- 
roid on an external point. We shall discuss their properties 
more fully hereafter. 

3. We have thus shewn that the most general solution 
of equation (2) of the form of a rational integral function of u 
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involves but one arbitrary constant, and that as a factor. 
We shall henceforth denote by Pj, or P, (/a), that particular 
form of the integral which assumes the value imity when /a 
is put equal to unity. 

We shall next prove the following important proposition. 

Ifhbe less than unity, and if (1 - 2/ih -f h')~* he expanded 
in a series proceeding by ascending powers of h, iJie coefficient 
ofh'wiUbe^,.' 

Or, (l-2/*h + h*)-* = Po+Pih4-..- + Piy + ,.. 

We shall prove this by shewing that, if JET be written for 
(1 — 2fih + A*)"*, ff will satisfy the differential equation 

For, since H^ (l-2fth + &*)■* 

•*• fi'rf/*" ' 
Ida ^ 



hdfjk 






= H* {1 - 2M + A* + A (fi-h)} 
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Hence r -7- 

ndfM 



= 3 (1 - fiJi) E^ (/* - h)-iiE*. 
dm . <P 



=* - S/tJ?' + 3 {(1 - M*) /» + (1 - M) O - A)} XT 

= -ZfiH* + S {/i (1 + A*)- V^l -S* 
= - 3;t [H* - (1 - 2/4A + /t») E"} 

= 0, since 1 - 2/tft + Jl' = E''. 
Therefore ||(1 - ^') ^| + A ^^, (^^ = 0. 

 

This may also be shewn as follows. 

If Xy y, z be the co-ordinates of any point, / the distance 
of a fixed point, situated on the axis of Zy from the origin, 
and JJ be the distance between these points, we know that, 

i? = a;' + 2/*+(«'-^)'> 



and that 



'•©=»• 



Now, transform these expressions to polar co-ordinates, 
by writing 

or^rsin^cos^, y = rsin^sin^, r = rcosd, 

and we get 

jR* = r'-2/rcos5 + «'*, 

and the differential equation becomes 



d 



plS+ii^^f^'^^I^QI^^' 
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or, putting cos ^ = |*, 

r 



w.<S)*i^^-Km">- 



Now, putting r = z\ we see that 

J? 1 



or -- /, 









/. the above equation becomes 



or 






4. Having established this proposition, we may proceed 
as follows: 

li Pi be the coefficient of K* in the expansion of J3", 

jy^ 1 4-2)jA+;>^'+ ... +2)|A'+ ... 

.-. Aff"=A + ;)^A"+jPj/i"4-...+M*** + .-. 
Also, the coefficient of 7^* in the expansion of 
Hence equating to zero the coefficient of h\ 

|;{Cl-rt|'}+.-(.-+l>?.-0. . 
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Also p^ is a rational integral function of /i» 
And, when fi = 1, H^ (1 - 2A + V)'i 

= 1+A + A' + . .. + &' + ..• 

Or when /i = 1, 2>, — 1. 
Therefore p^ is what we have already denoted hy P^. 

We have thus shewn that, if h be less than 1, 

If h be greater than 1, this series becomes divergent. 
But we may write 



^hv''^'h'^":'^h*'^"')' 



since t is less than 1, 



P P P 

Hence P, is- also the coefficient of A-<*+i> in the expan- 

"f 

sit)n of (1 — 2fMh + A*) "^ in ascending powers of r when h is 

greater than 1. We may express this in a notation which is 
strictly continuous, by saying that ' 

•?, = -?-{*+!)• 

This might have been anticipated, from the fact that the 
fundamental differential equation for P< is unaltered if 
— {% + 1) be written in place of i ; for the only way in 
which i appears in that equation is in the coefficient of P„ 
which is i {i + 1). Writing — (i + 1) in place of i, this be- 
comes — (i + 1) {— (i +!) + !} or (i + 1) i, and is therefore 
unaltered. 
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6. We shall next prove that 

i**=»(-l)'l72~i5?(r)' 
where r* = a? + y* + «*. 

Let i-(x* + y* + «0"*-/(^), 

T 

and let k be any quantity less than n 

Then {a? + y« + (^ - i)«}-i =/ (;r - h), 

and, developing by Taylor's Theorem, the coefficient of k^ is 

Also {a!'+y» + («-A;)*ri = (»^-2i» + i^-* 



-K'-''^?). 



Since « « /xr, 

in the expansion of which, the coefficient of A;' is 

P. 

pi- 
Equating these results, we get 






The value of P^ might be calculated, either by expanding 

(1 — 2/iJ + fe*)"* by the Binomial Theorem, or by effecting the 

r*^* d*/l\ 

differentiations in the expression (— 1)* , ^.-j-J - 1 , 

1 • ^ • o . • • i a2 \r/ 

and in the result putting - s ^ Both these methods how- 
ever would be somewhat laborious ; we proceed therefore to 
investigate more convenient expressioiiis. 
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6. The first process shews, by the aid of Lagrange's 
Theorem, that 

1 rjf 



Let y denote a quantity, such that 

1 /- 2/i . l\i 



h being less than 1. 

Then 

1 
<fy h 



/'i _ 2^ J- 1 r (1 - 2M + /'*)* ' 

Also (y-^y = l-^ + ^.; 

••2' h '■ A ' 
.-, y = /* + A(?^). 
Hence, by Lagrange's Theorem, 

therefore, differentiating with respect to /i and observing 
that 

(l-2M.Ar^.l.A|(^).^,|(^-7.... 

^i.'ji...idfi'\ 2 ;+•••• 
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7. From this form of P^ it may be readily shewn that 
the values of /f, which' satisfy the equation P| = 0, are all real, 
and all lie between — 1 and 1. 

For the equation 

(/ia'— ly =sO has 1 roots = 1, and i rootss= — 1, 

:. -r 0*'— 1)*= has t — 1 roots = 1, (* — 1) roots = — 1, and 

one root = 0, 

//* 

-t-jC/a' — 1)' = has (t — 2) roots = 1, one root between 1 

and 0, one between and = — 1, and (t — 2) roots = —1, 
and so on. Hence it follows that 

<?' % i 

T~, (a* — 1)' == has H roots between 1 and 0, aiid -r roots be- 

tween and — 1, if i be even, 

I— 1 t— 1 

and roots between 1 and 0, — jr— roots between and 

2i J* 

1, and one root = 0, if i be odd. 

It is hardly necessary to observe that the positive roots of 
each of these equations are severally equal in absolute mag- 
nitude to the negative roots. 

8. We may take this opportunity of introducing an im- 
portant theorem, due to Kodrigues, properly belonging to 
the Differential Calculus, but which is of great use in this 
subject* 

The theorem in question is as follows: 

IfvcL he any integer lees than i, 

d*^ . , -., 1.2...(i-m) , , -.^ d*"^ , , -., 
rfic*^^ ' 1,2... (t + m)^ ' Qtsr^^ ' 
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It may be proved in the following manner. 

If (aj*— 1)* be differentiated t -m times, then, since the 
equation 

has ^* roots each equal to 1, and i roots each equal » — 1, it 
follows that the equation 



dx 

has i — (i — m) roots (i. e. m) roots each = 1, and m roots 
each = — 1, in other words that (a? — I)*" is a factor of 

We proceed to calculate the other factor. 

For this purpose consider the expression 

(a? + aj) {x+a^ ... (a; + aJ(aj + i8J (x + fi^) ... (a? + A)' 

Conceive this differentiated (I) i — m times, (II) i + m 
times. The two expressions thus obtained will consist of an 
equal number of terms, and to any term in (I) will corre-* 
spend one term in (II), such that their product will be 
(x + a^ (x + a^) ,.. (a? + a,) (a7 + )9j) (a? + )9,)... (a; + i8J,i.e. the 
term^ m (II) is the product of all the factors omitted from 
the corresponding term in (I) and of those factors only. 
Two such terms may be said to be complementary to each 
other. 

Now, conceive a term in (II) the product of p factors of 
the form x + a, say x+a\ a; + a'...aj + a^*, and of ^^ factors 
of the form aj+yS, say a; + ^^, x + fi,j...x + fi^^y We must 
hsLvep + q — i — m. 

The complementary term in (I) will involve 

p{ajcioTSx+l^,x+fi" ...x + fi''\ 

q factors x + a^ x + a^ ... x +a(,j« 
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Now, every term in (I) is oii + m dimensions. We have 
accounted for p + j (or i — m) factors in the particular term 
we are considering. There remain therefore 2m factors to 
be accounted for. None of the letters 

can appear there. Hence the remaining factor must involve 
m a a and m /9's, — say, 

There will be another term in (II) containing 

{x + ^) [x + P") ... (a? + i8^0 (« + «.) (^ + «J ... (x + aj. 

The corresponding term in (I) will be, as shewn above, 

(x + ,a){x + ,'x)...{x + ^^){x + ^^){x + j3)...{x + j3). 

Hence, the sum of these two terms of (I) divided by the 
Slim of the complementary two terms of (II) is 

(x + ^ol) (x + jx) ... (x + ^ol) {x + ,e) (x + ^) ... {x+j3). 

Now, let each of the a's be equal to 1, and each of the ^'s 
equal to — 1, then this becomes {a^ — 1)"*. The same factor 
enters into every such pair of the terms of (I). Hence 

Or ^,^ = (a;*- !)"• j^^ , to a numerical 

factor prks. 

The factor may easily be calculated, by considering that 
the coefficient of x"^ in ^ J^ ^ is2i(2i-l)...(t+m+l), 

and that the coeflScient of a?*"* in ^-j+^i — - is 

2i(2i — 1) ... (i + m+1) {i + m)... (i-m^+J).. 
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Hence the factor is 



1 1.2...(i — m) 
, or ^ ^ 



(t + m) (i + w — 1) ... (i — m + 1)' 1.2... (t + m) * 

9. This theorem affords a direct proof that C^-, (/a*— 1)*, 

C being any constant, is a value of / Qx) which satisfies the 
equation 



<-i 



=.•(»•+!) ^x(/*'-iy 



from above, 



or 



Hence, the given differential equation is satisfied by put- 

Introducing the condition that P, is that value of f (/i) 
which is equal to 1, when /* = 1, we get 

10. We shall now establish two very important proper- 
ties of the function P^ ; and apply them to otitain the develop- 
ment of P in a series. 
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The properties in question are as follows : 
If i ani m he unequal positive integers, 

J -.1 

And jj-^l^-^'^t "-' 

The following is a proof of the first property. 
We have 

Multiplying the first of these equations by P«, the second 
by P^ subtracting and integrating, we get 

+ {% {i + 1) - m (m + 1)} fp,PJ(M = 0. 

Hence, transforming the first two integrals by-integration 
by parts, and remarking that 

%{i+l) — m(7» + l) = (i — m) (i+m + 1), 
we get 

, + (t - m) (i + m + 1) IpJPJii^ 0, 

or > 

sinee the second term vanishes identically, 

7. H. 2 
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Hence, taking the integral between the limits — 1 and 
4- 1, we remark that the factor 1 —/a* vanishes at both limits^ 
and therefore, except when i — m, or « + m + 1 = 0, 

-1 
We may remark, also that wo have in general 



s: 



, 






a result which will be useful hereafter, 

11, We will now consider the cases in which 

i — m, or i + m + 1 = 0. 

We see that i + m + 1 cannot be equal to 0, if i and m are 
both positive integers. Hence we need only discuss the 
case in which m=-i. We may remark, however, that since 

P^ =F P.(i+i), the determination of the value of / F\dii will also 

ri ^"^ 

give the value of I P<P^,+i) ei/x. 

The value of I P|*^/a may be calculated as follows : 

(1 - 2M+ h^f^ = Po + PjA + ... + PA' + ... ; 

/. (1-2M + AT = (^o + ^i'^+-+-P*'^' -*-•••)" 

= P6«+P,«A'+...+P,%«+... 

+ 2P,PA + 2P,P,A«+ ... + 2P,P,A» + ... 
Integrate both sides with respect to fi ; then since 



/ 



(1 - 2/*ft + A*)"* <^M = - A log (1 - 2M + ^*). 



2A 
•we get, taking this integral between the limits — 1 and + 1, 

all the other terms vanishing, by the theorem just pio/ed. 
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Hence 2(1 +^ + ... + 2^ + ...) 

Hence, equating coefficients of A**, 

12. From the equation I P,P„cZ/i = 0, combined witU 

the fact that, when /a = 1, P, = 1, and that P, is a rational 
integral function of fi, of the degree i, P, may be expressed 
in a series by the following method. 

We may observe in the first place that, if m be any 

integer less than i, I fi'^P^dfM = 0. 

For as P„, P«_i... may all be expressed as rational in- 
tegral functions of /i, of the degreies m, w — 1 ... respectively, 
it follows that /x"* will be a linear function of P„ and zonal 
harmonics of lower orders, /a"""* of P^j and zonal harmonics of 

lower orders, and so on. Hence j/i'^P^dfi will be the sum of 

a series of multiples of quantities of the form I F^Pidfi, 

m being less than i, and therefore / y^P^dyi, = 0, if m be any 
integer less than i. 
Again, since 

(l-2M + A*)-i = P,+PjA+...+P,/i'+... 
it follows, writing — A for A, that 

(1 + 2M+A*r*=P,-i'.A+ ... + (- l)*P,/*' + ... 

2—2 



20 ^ONAL HABMONICS. 

And writing — /a for /a in the first equation, 

P/, P/...P/... denoting the values which P^, P^...P^, 
respectively assume, when — /* is written for /a. Hence 
P^^P^ or — P,, according as i is even or odd. That is, 
P^ involves only odd, or only even, powers of i, according 
as i is odd or even*. 

Assume then 

Our object is to determine j4|, -4^^.... 

Then, multiplying successively by /a*"*, /a*"^, ... and inte- 
grating from — 1 to + 1, we obtain the following system of 

equations : 

A A A 






2i-l ' 2i-3 ' ' 2i-2s-l 



"r ff^ • f ^r • • * "t" a * a f> ^* • • • "~ f 



2i-3 2i-5 2»-2s-3 



■^t I -^j-t I I -^t-tt 



» tfv^ f) n * • • • T* o~^ ^ T T • • • '^ ^» 



2i~2«-l • 2i-2«-3 21-45-1 



And lastly, since P^ = 1, when /x = 1, 

the last terms of the first members of these several equa- 
tions being 

AAA 
• - ... -^ , A.y if % be even, 



i^l> i-3- 1 

AAA 
_i_ ^1 =i >f if t hft odd 

13. The mode of solving the class of systems of equa- 
tions to which this system belongs will be best seen by 
considering a particular example. 

* This is also eyident, jErom the fact thai P< is ft constant multiple of 
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Suppose then that we havQ 



'- +-:— =0, 



a + a b + a c+ot 



a + /3 6 + /3 c + jS 

a + 6) 6-i-« c + i» 6> * 

From this system of equations we deduce the following, 
6 being any quantity whatever, 

X y z ^ 1 (g--a)(g-/3)(a4-a))(5 + a))(c-h&>) 

a+(^J + 6^c + ^ G> (ai-a)((»-i9)(a+^(6+^)(c+^)' 

For this expression is of — 1 dimension in a, 6, c, a, /9, 7, 
6y ©; it vanishes when tf = a, or tf = /8, and for no other 

finite value of 0y and it becomes = — , when 6 = fo. 
We hence obtain 

and therefore, putting ^ = — a, 

1 (a + a)(a + ^) (a + ») (5 + o>) (c + w) 
ft>(a — J)(a — c) (ai — a)(ft>— ^) ' 

with similar values for y and z. 

And, if © be infinitely great, in which case the last 
equation assumes the form x+y + z=l,we have 

_ {a + a){a+0) 
* (a-6)(a-c)' 

with similar values for y and z» 

14. Now consider the general system 



a« +«!-• «*-i+«l-« . ^«^+ «!-! 
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""' - • '^'-*- +..,+ — %^— +.,. = 0, 



^i + ««-a. «<-« + ««-a« ^*-«t + ®i-w 



""' +-%^ + ...+~%- + ... = -; 



a, + 6) a,^ + » a,_j, + o) g) 

the number of equations, and therefore of letters of the 

forms a? and a, being — ^ if i be odd, ^ + 1 if i be even ; and 

i - 1 . 
the number of letters of the form a being ^ if t be odd, 

and a ■" 1 if * be even. 
We obtain, as before, 



+ — ^^+ ... + — ^=^71+ - 



^ 1. (g - qQ (^-Q >  . (O-^iJ) . .^ fa + ft) ) (a<.^+ ft)) .  . jaf^+fo) . . . 
and,, multiplying by a^^+0, and then putting ^ = — a^^, 

^ _ 1 fa-8. + gQ (o^i-g, + O . . ' («<,» + g|- J . " 

'"^ 6» (ft>— ffi) (ft> — a<_8)-.(ft> — Vs«)*'- 

(a, + o)) (a,_, + ft)). . .(a^a, + ft)). . . 



(a^- a,) (a,^-a^...(a^-a, or aj* 

15. To apply this to the ease of zonal harmonics, we see, 
by comparing the equations for x with the equations for A, 
that we must suppose « ==' oo ; and 

a, = i, a,_^=t — 2,...a|_3, = i*— 25... 
ai = t — 1, ai^ = i — 3,...a^j. = i — 2«— l..i 
Hence 

. _ (2z-2g-l) (21-2^-3)... {2 (^-2g)-■l|... 
*-»•"■ (-25) {-(a?-2)}...{(i-25-l) or (i-2d)} 

^. ^., (2t-25-l)(2i--25-3)...{2(i-2g)-l|.., 
^^ ^ 25(25-2)...2x2.4...^i-2a--l)or(t-.25)* 
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Or, generally, if t be odd, 

ji = (2^-l)( 2t-3)...(t + 2) 
' 2.4...(i-l) 

. (2t-3)(2t-5)...t 

*-* 2.4...(i-3)x2 ' 

. _ (2t-5)(2i-7)...(t-2) 
'-'" 2.4...(i-5)x2.4 ' 



"*^-^~^^ 2.4...(i-l)* 
And, if 1 be even, 

. _ (2t-l)(2t-3)...(z+l) 
• 2747^? ' 

A (2^-3)(2^-5)...(^•-l) 

*^ 2.4...{i-2)x2 ' 

- _ (2^-5)(2^-7)...(^-3) 
'-* 2.4...(i-4)x2.4 ' 



J ^/ ^J (*-l)(t-3)...l ^ 

We give the values of the several zonal harmonics, from 
-P« to P,^ inclusive, calculated by this formula, 

B 3 , 1 

~ 2 ' 
p_5 ,3 

^«*~2^ "" 2^^ 
5/i'-3/Lt 
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_ 35/-30/t' + 3 
8 

P_iiZ »_Il£ «4.^ 

_ 63/t' - 70/ + 15/* 
~ 8 ' 

P ^ ^l-9-7 « 9.7.5 « 7j_5.3 ^ 5.3.1 
•~2.4.6'* 2.4x2'* ''""2x2.4'* 2.4.() 

_ 231a<.' - 315jit' f lOS/t' - 5 

16 

p 13.11.9 , 11.9.7 , 9.7.5 , 7.5.3 
' 2.4.6'* 2.4x2'*'*'2x2.4'* 2.4.6'* 

_ 429/t' - 693jtt» + 315/x* - 35/t 

16 

p 15.13.11.9 , 13.11.9.7 , 11.9.7.5 « 
* 2.4.6.8 '* 2.4.6x2'* "^"2. 4x2. 4'* 

9.7.5.3 , ^ 7.5.3.1 
2x2.4.6'* ' 2.4.6.8 

_ 6435jn» - 12012/t' + 6930/t* - 1260/x* + 35 

128 ' 

p 17.15.13.11 , 15.13.11.9 T , 13^ llj 9jl[ » 
•~ 2.4.6.8 '* 2.4.6x2 '*■'■ 2.4x2.4 '* 

11.9.7.5 , 9.7.5.3 
2x2.4.6'* 2.4.6.8'* 

12155/** - 25740/ + 18018/ - 4620/ + 315/* 

128 

p 19.17.15.13.11 1, 17.15.13.11.9 , 15.13.11.9.7 , 
«• 2.4.6.8,10 '* 2.4.6.8x2'* 2.4.6x2.4'* 
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13.11.9.7.5 , 11.9.7.5.3 , 9.7.5.3.1 
2.4x2.4.6^ "^2x2.4.6.8^ 2.4.6.8.10 

__ 46189/i"^- 109395/i°+ 90090/- 30030/Lt"+ 3465/i'- 63 
,256 • 

It will be observed that, when these fractions are reduced 
to their lowest terms, the denominators are in all cases 
powers of 2, the other factors being cancelled by correspond- 
ing factors in the numerator. The power of 2, in the 
denominator of P,, is that which enters as a factor into the 
continued product 1 . 2...i. 

16. "We have seen that / /*"• P, . c7/a = 0, if m be any 
integer less than t. 

It will easily be seen that if wi + i be an odd number, the 
values of jfi'^P^.dfA are the same, whether /m be put = l or 

— 1 ; but if m + i be an even number, the values of jfi^ P^ . dfi 

corresponding to these limits are equal and opposite. Hence, 
(m + i being even) 

r frP,.dfjL^2pfi'^P,.dfjL, 

and then I /Lt"'P,.d/A = 0, if m = t — 2, i — 4 

We may proceed to investigate the value of 1 fi'^Pt. c?/i, 

Jo 
if m have any other value. For this purpose, resuming the 

notation of the equations of Art. 13, we see that, putting 

^ =s m + 1, and « = oo , we have 

^ + ^t« + + ?i=?! + 



a,+ m + l a,.5 + m + l a|-a. + ^ + l 

_ (mH-l — a<)(m + l — g,^) ...(m + 1 — g^.^,) ... , 



"1 

I 
i 



/. 
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and therefore, putting a?,ss ^,..., a|== t ,.., tz^^i-^ 1 ..., 
we get 

V"^*-'^^"t+mVl''"t-2+m+l ■*■•••■*■ t-25+^+1"^— 

_ (m-/+2)(m->i + 4)...(7n-l) ^r 'v^q^j 
-(;n + t + l)(m + t-l)...(w + 4)(m + 2)''*^^^'^* 

(w + * + 1) (w + 1 — 1) ..• (m + 3) (w + 1) 
In the particular case in which »i = t^ we get 

. '^'^'^^ '° C2V4.1)cL--l')'!'(^>4)(i + 2) ^'"^^^^ 

and = /o» . -IN /a- — T\ /« . o\ / *  -IN V* even;. 

(2i+l)(2i — 1) ... (t + 3)(i + l) ^ ' 

17. "We may apply these formulsB to develope any positive 
integral power of ^ in a series of zonal harmonics^ as we 
proceed to shew. 

Suppose that m is a positive integer, and that /a** is de- 
veloped in such a series, the coefficient of P^ being (7„ so 
that 

then, multiplying both sides of this equation by P^ and inte- 
grating between the limits — 1 and 1, all the terms on the 

right-hand side will disappear except I G^ P*^ d/A, which will 

2 ' 

become equal to g. . C^. 

Hence ^^^^^^] l^^^^i^i^^ 

which is equal to 0, if m + 1 be odd. Hence no terms appear 
unless m + 1 be even. In this case we have 



(2t + l)J pTPtdfi. 
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Hence the formula just investigated gives 
C - ^9* a. ^\ (^-^'+2)(m-i+4)...(m-l) 
^*"^'^*"^ ''(m + t-hl)(m + t-l)...(m + 4)(m + 2) 

if t be odd^ and 

r - /or I 1^ (m-t4-2)(m-i + 4)...w 

^•"^ *'*"^^(»» + t + l)(m+i-l)...(m + 3)(m+l) 

if t be even. 

Therefore if m be odd, 

m ^ (Q% , "I \ 2 . 4 . 6 ... Cm — 1) p 

"^'(m + 4)(m + 2; »"^m + 2 *• 

If m be even, 

^ _^ yg^ J. 1 ^ 2. 4 , 6 ... yyi p 

/i -l^^ + ^;(2m+l)(2m-l)...(m + 3)(m + l)^~ ■*"••• 

^ (m + 3)(m + l) '^m+l •• 
Hence, putting for m successively 0, 1, 2 ... 10, we get 

A*' = SgTg-P. + gi'.-gi'. + g p., 

5 » ^ 5 " 

35 *'^7 »"^5 •' 
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63 • 9 • 7 " 

u« = 13_Al1l^P I o *-^ p 4.5_l_p 4.1 p 
'^ ^'*13.11.9.7'^'+^11.9.7 * + ^9.7 «^7 • 

^}^P+^Jtp^^^^P+lp 
231 • 77 * 21 * 7 " 

..t-ig 2.4.6 p .. *.6 p , 7_6_ p . 3 p 
'^ ~^* 15. 13. 11. 9^"^ 13.11.9 '^^ 11.9 •■*'9" 

~429 '^39 • 33 » 3 " 

. ,>, 2.4.6.8 p 4.6.8 

'*'^'^17.15.13.11.9^*'^^'*15.13.11.9'^« 

+ Q_lll_P I g ^ p +lp 

+ ^13.11.9 *^ 11.9 '^•^g" 

_128^p 64 48 p .40p Ip 

~ 6435 • ^ 495 • ^ 143 "^^ "^ 99 * "*" 9 •' 

,_ 2.4.6.8 p . i5_JL1i5__ D 

'^ ~ 19.17.15.13.11 •^17.15.13.11^ 

■*" " isTisTii ^» ■*" ^ iOi^» ■*" ^ ll"^" 

_ 128 p . m p , 16 p , ^ p . 1 p 
~ 12155 » 2431 ' 65 » "*■ 143 » "^ 11 " 

„ _ o, 2-4. 6.8.10 p . , 7 4.-6.8. 1 

'* "''^21.19.17.15.13.11 "■^' 19.17.15.i3.il » 

+ 13_M^12_p +9 8.10 p . 5_10_p i.p 
^ ** 17.15.13.11 '^•^^15.13.11'^*^'' 13.11 '^11 -^o 

256 p .i28 32^p 48 50 1 



46189 "^2717 '187 .•143 *^143 *^11 



I 
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, 18. Any zonal harmonic P, may be expressed in a finite 
series of cosines of multiples of 0, these multiples being 
id, [i- 2)6.... Thus 

(l-2M + A')-i = P, + P,A + ... + P^*+...; 

therefore, writing cos for /i, and observing that 

1 - 2 cos tfA + A* = (1 - Ac^i^ (1 - A€-^^«), 
we obtain 

(l-A6>^^0"*(l-A6->^r^ = P, + P,A + ... + P^' + ... 
or 



(l + |AeV-" + |i|A«6V^i«» + ... 



-iir^'"^--'"--) 



X Tl + 1 he-^^» + 1^^ AVV^» + ... 



whence, equating coefficients of h*, 

/'= -2:47:2r^2co8*tf+2:^-i^^2co8(t-2)^ 

1 . o ... (2i — 5) 1 . o gj ,, ^\ /I , 

+ 274— (2i^)2T42«>«(»-*)^+-- 

the last term being \ \"1 - \ if » be even, and 

1.3...( t + l) 1 . 3 ... (t -2) - a t'x. J 1 
2.4... (»-H) 2.4...(i-l) ^'^^>^^^ "^'^ 

19. Let us next proceed to investigate the value of 

cos mO sin d dO. 



r.-' 
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This might be done, by direct integration, from the above 
expression. Or we may proceed as follows. 

The above value of P, when multiplied by cos mO sin 

(that is by ^ {sin (m + 1) tf — sin (m — 1) tf}) will consist of a 

series of sines of angles of the form {i — 2n ± (m ± 1)} ^, that 
is of even or odd multiples of d, as i -j- m is odd or even. 
Therefore, when integrated between the limits and tt it 
will vanish, if t + m be odd. We may therefore limit our- 
selves to the case in which t + m is even. 

Again, since cos m6 can be expressed in a series of powers 
of cos 0y and the highest power involved in such an expression 
is cos 6, it follows that the highest zonal harmonic in the 

development of cos md will be P^. Hence / P, cos m6 sin 6 dO 

will be = 0, if m be less than i. 

Now, writing 

P, = C; cos t5+ (7^ cos (/- 2)6 + ... 

we see that P, cos m6 sin d0 will consist of a series of sines 
of angles of the forms (m + 1+ 1) ^, {m + 1 — 1) 6 ... down to 
(w — t — 1)^, there being no term involving m^, since the 
coefficient of such a term must be zero. Hence 



/■ 

Jo 



P, cos m6 sin 6 d0, 



will consist of a series of fractions whose denominators in- 
volve the factors iw + t+l, m + i — l...m — t — 1 respectively. 
Therefore when reduced to a common denominator, the result 
will involve in its denominator the factor 

(m + 1+ 1) (m + i- 1) ... (m + 1) (m - 1) ... (m- 1 - 1) 
if m be even, and 

(m + 4 + l)(w + t-l)...(m + 2)(m-2)...(w-i-l) 
if m be odd. 

For the numerator we may observe that since 

r 

P^ cos m d sin 0d9 



i: 
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Tanishes if m be less than t, it must involve the factors 
m — (i — 2), m— (i— 4) ... fn + (t — 2), and that it does not 
change sign with m. Hence it will involve the factor 

{m-(i-2)}{m-(i-4)}... (m-2)m*(w + 2)...(w + i-2) 

if wbe even, and 

{w-(t-2)}{m-.(»-4)}...(w-l)(m + l)...(m + i-2) 

if w be odd. 

To determine the factor independent of m, we may pro- 
ceed as follows : 

 

P, = C;cos {0 + G^ COS (i- 2) 5 + ... ; 

1 

/. P^cos m^ = o C^ {cos (m + i) tf + cos (m — t) 6] 

+ 5 (7^ {cos (m + i- 2) (9 + cos (m - i + 2) ^} + ... ; 

.'. P,cosm^sind = 2; Ci{sin(m + t + l) tf — sin (m + i- 1) ^ 

+ sin (wi — 1+1) ^— sin (m - i — 1) ^} 

+ ]- C^ {sin (m + 4 - 1) 5 - sin (wi + 1 - 3) ^ 

+ sin(w-t + 3) (9-sin (w - 1+ 1) 5} + ... ; 
.*. 1 P,cos w^sin^c?^ 

IcA 1 1 , 1 _^ I 

2 \m + i + 1 m + 1 — 1 m — t + 1 m — 4 — Ij 

+ ^.[_i i— +— i^ ?— 1 + .., 

2 \m + »-l m + i-3 w-t4-3 m — i+lj 

~ ^« t «*" - (*■ + 1/ .«*" - (*■ - i)*J 
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Now, when m is very large as compared with i, this be- 
comes 



= -2 



C'l+O^j-K^ 



y 2 f 

mr mr 



since C^, + (7^, + ... = 1, as may be seen by putting ^ = 0. 

Hence / P, cos md sin ^ d^ tends to the limit — 3 , as m 
is indefinitely increased. 

The value of the factor involving m has been shewn 
above to be 

{m^(i - 2)} {m- (i~4)} ... (m-j) m'Cm + 2) ... (m4-t~ 2) 

{m-(t + l)|{m- (i-1)} ...(m-l)(m + l) ...(m + t+i) 
if m be even, and 

{m-(t -2)} {7ii-(t'-4)}...(m-l)(m + l).., (m + t~2 ) 
'{w - (i 4- Ij} {m - (i- 1)} ... (w - 2) (7A + 2) ... (m + i+ 1) 

if m be odd. 

Each of these factors contains in its numerator two factors 
less than in its denominator. It approaches, therefore, when 

m is indefinitely increased, to the value — j . Hence 



/, 



F^ cos m6 sin 6 dd 





{m-(i-2)}{m->(t-4)}...(m-2)m»(m+2)...{m+(i-2)} 

- ^{w-(i+l)j[m-(i-l)l...(w-l)(m + l)...lw + (t + lj} 

if m and i be even, and 

._ { m-(i-2 )} {m-(t-4)]...(m-l)(m+l)...{m+(i-2)} 
*" {w-(;+l)}{m-(i-l)}...(m-2)(m+2)...{m+(t+l)i 

if m and % be odd. 

In each of these expressions % may be any integer such 
that m — t is even, i being not greater than m. Hence they 
will always be negative, except when % is equal to m* 



\ 
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20. We may apply these expressions to develop cos md 
in a series of zonal harmonics. # 

Assume 

Multiply by P< sin 0, and integrate between the limits 
and IT, and we get 

^ (m - (t - 2)} {m - (i - 4)} ... {m+ (i- 2)} 2_ 

{»»- (t + 1)} Im -(«- 1)1 ...{« + (i + 1)} ~ 2t + 1 '• 

Hence ' 

Hence, putting m successively = 0, 1, 2, ... 10, 
cosO^ = Po; 

3 « 3 ^' 
5 » 5 " 

■^«^"» -i.ill7.9 ^--»T7:yx7^- 



1_ 
5.5 



-Is^n 



= fip_?^P «J_P . 
35 * 21 * 15 • ' 



F.H, 
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wa 11 2.4.6.8 _, ^ 4.6 
cos5g=-ll , , „ >, ^ ,, P. -7 



-1. 1.3. 7. 9,11 • 1.3.7.9 • 



-3 JLp 



_128 p _8 p _1 p , 
~ 63 » 9 » 7 ^ ' 



oflfl- 2.4. 6*. 8. 10 p 

cos 65 — 13 _i. 1.3. 5.7. 9. 11. 13^. 

4.6'. 8 6' p 1 

1.3.5.7.9.11 * 3.5.7.9 * 6.7 * 

512 384 p_£p _ J, p. 
231 ' 385 * 21 « 36 •' 

„a ir 2.4.6.8.10.12 „ 

cos75=-15_^^ 3 5 g j^ j3 jgP, 

4.6.8.10 p y 6.8 p 3^ 

1.3.5.9.11.13 » 3.5.9.11 » 5.9 ' 
1024p_128^_112 J^p. 



COS 85 =-17 



429^ 117 » 496 « 15 
2.4.6.8M0.12.14 



-1.1.3.5.7.9.11.13.16.17 • 



-, 4.6.8M0.12 p 6.8M0 „ 

^ 1.3.6.7.9.11.13.15 • 3.5.7.9.11.13 V 

-5—^— P-Ji-P 
6.7.9.11"^» 7.9  

16384 p 4096 p 256 p 64 1 

~ 6436 * 3465 • 1001" 693 « 63 »' 

2.4.6.8.10.12.14.16 



cos95 = -19 



-1.1.3.5.7.11.13.15.17.19 • 



,- 4.6.8.10.12.14 „ _- 6.8.10.12 



1.3.6.7.11.13.15.17 " 3.6.7.11.13.16 ' 

8.10 p 3 1 p 
'6.7.11.13 » 7.11 » 



/ 



coslOds-21 
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32768 p 3072 p 128 „ 16 „ 3 p. 
12165 • 2431 ' 455 • 143 » 77 " 

2. 4. 6. 8.10*. 12. 14. 16. 18 



-1.1.3.5.7.9.11.13.15.17.19.21 »• 

4, 6. 8. 10*. 12. 14. 16 



-17 



1.3.5.7.9.11.13.15.17.19 • 



6.8.10M2.14 p 8.10M2 
3.6,7.9.11.13.15.17 • 6.7.9.11.13,15  

_5__l^_p 1 p 

7.9.11.13 » 9.11 • 

_ 131072 p _ 32768 p ^12 p J^ p 500 p 
~ 46189 " 24453 * ~ 1683 • ~ 1001 * " 9009 • 

99 • 

21. The present will be a convenient opportunity for 
investigating the development of sin ^ in a series of zonal 

harmonics. Since sin ^ = (1 — /**)', it will be seen that the 
series must be infinite, and that no zonal harmonic of an odd 
order can enter. Assume then 

sind=Cf,P,+ C,P, + ....+ C;P,+ ... 

t being any even integer. 

Multiplying by P«, and integrating with respect to fi 
between the limits — 1 and + 1> we get 

£p«sin^<7/* = ^^^Ci; 

... Ci = ^^ r P^fanedfu 

^ Jo 

I supposing P4 expressed in terms of the cosines of and its 
multiples 

«?i+lf'p^(l-cos2^(i^. 

8—2 
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Hence, putting * = 0, 

1 3 

Putting t = 2, and observing that P^ = 7 + y cos 20 ^ 

^ 5 p (1 + 3 cos 26) (1 - cos 20) ^. 
^»=4Jo 5 ^^ 

= ^ r|l + 2cos2^-|(l+cos45)|(?^ 

"" 32'^' 

For values of i exceeding 2, we observe, that if we write 
for Pi the expression investigated in Art. 18, the only part 

of the expression I P< (1 — cos 20) d0 which does not vanish 

Jo 

will arise either from the terms in P^ which involve cos 26, or 
from those which ai*e independent of 6. We have therefore 

^* = '-^ f l l'l'-f-l^ . l-l-^~^ 2 cos 29 
4 Jo l2.ii...(i + 2)2A..,{t — 2) 

_ 2i + l 1.3...(t-l)1.3...(t-3) 
4 •2.4...' i 2.4... (*-2) 

2i + 11.3...(t-l) 1.3... (^•-3) /t-1 t + l\ 
4 2.4... i 2.4... (i- 2) 1, » » + 2/ 

2t + 11.3... (i-l) 1.3... (z-3) 
'^ 2 2.4...*(i + 2)2.4...(*-2)*" 

Hence sm^ = jP,-^P,-... 

(2t + l)9rl.3... (i-l) 1.3... (^'-3) „ 

2 2.4...t(» + 2)2.4... (»-2)f^*'~**' 
i being any even integer. 
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22. It will be seen that -~ , being a rational and integral 

function of /A*"^ /t*"^..., must be expressible in terms of 
-Pj-i> -?#_«••• To determine this expression, assume 

then multiplying by P„, and integrating with respect to fi 
from — 1 to + 1, 

And fp„^d^^P,P,-jP,^d^ 



Now, since i > m, 

dfjb 



•••/>■ 



•'-1 



d/* = 0; 



^'(«;. = [P«PJ^-[P«P,r = 2, 



since either m or i must be odd, and therefore either P„ or 
P, = — 1, when ^ = — 1 ; 

dP 

23. From this equation we deduce 

J Ik 

the limits /a and 1 being taken, in order that P^ — P^^^ may 
be equal to at the superior limit. 
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Now, recurring to the fundamental equation for a zonal 
harmonic, we see that 



£ 



/-'''* =i(?^)(^-'*')^' ' 



•■• ^-^^ — 7^:ri)(^-'*') -^ 



And, from above, 



^^ '^^^ 2m +1 ^-^"^ ^"-»^* 



I 

24. We have abeady seen that / PJP^ dfi = 0, i and m i 
being different positive integers. Suppose now that it is 
required to find the value of I P^Pn^ dfi. 

We have already seen (Art. 10) that 
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25. We will next proceed to give two modes of ex- 
pressing Zonal Harmonics, by means of Definite Integrals. 
The two expressions are as follows : 






d^ 



{/i ± (/*"-!)* cos &r^' 

P,=i|'{;,±0,«-l)icos^ye?^. 

These we proceed to establish. 
Consider the equation 






d^ 



The only limitation upon the quantities denoted by a 
and b in this equation is that 6' should not be greater than 
a\ For, if 6' be not greater than a\ cos ^ cannot become 

equal to j- while ^ increases from to tt, and therefore the 

expression under the integral sign cannot become infinite. 

Supposing then that we write z for a, and V— 1 p for h, 
we get 

1 fir cT^ __ 1 

TTJo « — V^pCOS^r («* + f)')** 

We may remark, in passing, that 



Jo « — V— Ipcos^ Jo ;er + V — Ipcos^ 





and is therefore wholly real 

Supposing that p* — a* + ^, and that aj*+y* + «' = r^, we 
thus obtain 



d^ ^1 



1 f' rfs 
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DifiFerentiate t times with respect to z, and there results 

Hence P = — ~("-^^— ^ p j^ 

^r^r» ^ 

W Jo (a - V~l p cos^)*^' * 
III this, write fir for «, and (1 — /*')^ r for p, and we get 
1 r» cF^ 

^*"^Jo{M-o^"-i)*cos^r^' 

which, writing tt — ^ for ^, gives 



1 r» ci!5- 

^*"^Jo{m+(/a»-1)*cos&1 

26. Again, we have 



(a*— i')* wJo a — fecos'^/r* 

In this write 1^ /iA for a, and ±(jjf — 1)^ A for 6, which is 
admissible for all values of h from up to ft — (/a* — 1)^ and 
we obtain, since a' — 6* becomes 1 — 2/A + A*, 

(l-.2M + A')*""'w-Jo l-^A+(/A"-l)iAcos'f 

wjo 1 — {/*± (/A*— 1)* cos >|r} A* 

=-^(^^[l+{/AiO•-l)icos'^^}A+...• 

+ {/* ± O^'-l)^ cos ^]'A*+ ...]. 
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Hence, equating coefficients of A*, 



The equality of the two expressions thus obtained for P^ is 
in harmony with the fact to which attention has already 
been directed, that the value of P^ is unaltered if — (i + 1) 
be written for i, 

27. The equality of the two definite integrals which 
thus present themselves may be illustrated by the following 
geometrical considerations. 




Let be the centre of a circle, radius a, any point 
within the circle, PGQ any chord drawn througb C, and let 
0(7=6, GOP=^%COQ=^ylr. Then (7P"=a"+6"-2a6cos^, 
CQ^^a^ + b^ — 2ab cos -^/r. Hence 

(a« + 6«-2a6cos^)(a»+6'-2aJcos^)«(a'-.67; 
sin ^ d^ sin yfr d^ 



•;a'* + 6*-2a6cos^^a"+6"-2a6cosVr 



= 0. 
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Again, since the angles OPCy OQG sue equal to one 
another, 

sin g_ sin OPG _ sin OQC _ sin-ifr 
CF ^ 00 " 00 "" OQ ' 

sin^ sin'ifr 

••(a-+6«-.2a6cos&)*'^(a" + 6'-2a6cos^)i' 

whence -7- — — -.jl. ^ t«0. 

(a'+6»-2a6cos&)i^(a« + 6'^-2a6cosi^)* 

In this, write a' + 6' = fi, 2ah =3 T (/** — 1)*> which gives 
^« — j« = 1^ and we get 

We also see, by reference to the figure, that as ^ in- 
creases from to TT, '^ diminishes from tt to 0. Hence 

r ^L = r {/^ + 0^* - 1)* cos ^IrYdylr. 

28. From the last definite integral, we may obtain an ex- 
pansion of P| in terms of cos and sin 0. Putting /* = cos 0, 
we get 

Pi = 2^ r [{cos + V^ cos f sin ^1* 

+ {cos — V— 1 COS '^ sin 0}^ d^ 

« - ['{(cos^y-^^^cos'f (cos0*-^(sin^)«+... 
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(-ir *^*'-\);--^-g^^+^) (co8^y(co3g/-«"(Bin^ 



xr ['/ iM-i^i (2m-l)(2m-8)...l 

Jo^ ^' ^ 2m (2m— 2). .,2 

, ^(^-l)...(^^2m + l) (2m-l) (2m-3)...l 
1.2.. .2m 2m(2m-2)...2 

^(i-l),..(f-2m + l) 
(2.4..,2m)* * 

•. P,« (cos ^)*-i^^^ (cos ^*^ (sin ^■+ ... 



CHAPTER III. 

APPLICATION OF ZONAL HAKMONICS TO THE THEORY OF 
ATTRACTION. REPRESENTATION OF DISCONTINUOUS 

FUNCTIONS BY SERIES OF ZONAL HARMONICS. 

1. We shall, in this chapter, give some applications of 
Zonal Harmonics to the determination of the potential of a 
solid of revolution, symmetrical about an axis. When the 
value of this potential, at every point of the axis, is known, 
we can obtain, by means of these functions, an expression 
for the potential at any point which can be reached from 
the axis without passing through the attracting mass. 

The simplest case of this kind is that in which the 
attracting mass is an uniform circular wire, of indefinitely 
small transverse section. 

Let c be the radius of such a wire, p its density, k its 

transverse section. Then its mass, M, will be equal to 27rpck, 

and if its centre be taken as the origin, its potential at any 

M 
point of its axis, distant z from its centre, will be r- 

Now, this expression may be developed into either of the 
following series : 

T\ 2c'^'2Ac* *••'*■'> ' 2A...2i c«' + -|-W' 
ML lc»,1.3c.* , ., 1.3...(2f-l) c" ) 

We must employ the series (1) if » be less than c, or 
if the attracted point lie within the sphere of which the ring 
is a great circle, and the series (2) if a be greater than c, 
or if the attracted point lie without this sphere. 
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Now, take any point whose distance from the centre is r, 
and let the inclination of this distance to the axis of the 
ring be ft In accordance with the notation already em- 
ployed, let cos 6^ II, Then, the potential at this point will 
be given by one of the following series : 

Jlf- 1 r^ 1^ r*_ 



C 



2 «c' ' 2.4 *c' 



^^ ^^ 2.4.G...2i , ^«*c^* + -j-^-^^ 



rX^ 2 «/^'*"2.4^V* "•* 



/ ^^ 1.3. 5...(2i — 1) p c_ ) .^,. 
^^ ^ 2.4.6...2i ^«V*^"*j-"^'^^' 

For each of these expressions, when substituted for F, 
satisfies the equation V*F=0, and they become respectively 
equal to (1) and (2) when 6 is put = 0, and consequently 
r = z. The expression (2') also vanishes when r is infinitely 
great, and must therefore be employed for values of r greater 
than c, while (!') becomes equal to (2') when r==c, and will 
therefore denote the required potential for all values of r 
less than c. 

These expressions may be reduced to other forms by 
means of the expressions investigated in Chap. 2, Art. 25, viz. 

. P, = i f (jj. + JJiF^i cos^)*d&, 

or P, = i f 'o* + JhF^ cos iry*"'^ df. 

Substitute the first of these in (!') and (observing that 
fjLV = jz) we see that it assumes the form 



M f' ( l {^+(g*-0*cos^}" 

^c Jo 12 c« 

]L3 {^+(g'-r')gcos^}' 

• ^ /*"2.4 c* 



; 



d^, 
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whicli is equivalent to 

Mr ^ 



Mr 



[c» + {« + («*-r»)*cos^n** 



The substitution of the last form of P, in the series (2') 
brings it into the form 

Mr { 1 1 c' 

TTJo i«+(^-o*cos^""2{;5+(^-o*cos^r 

which is equivalent to 

Mr' ^ 



Mr 

IT Ji 



2. Suppose next that the attracting mass is a hollow shell 
of uniform density, whose exterior and interior bounding 
surfaces are both surfaces of revolution, their common axis 
being the axis of z. Let the origin be taken within the 
interior bounding surface ; and suppose the potential, at any 
point of the axis within this surface, to be 

A^-\-AjZ-\-A^^-\- ... '\'A/-\- ... 

Then the potential at any point lying within the inner 
bounding surface will be 

^^, + ^,P,r+^^/+... + ^,P/ + ... 

For this expression, when substituted for F, satisfies the 
equation V*F=0; it also agrees with the given value of 
the potential for every point of the axis, lying within the 
inner bounding surface, and does not become ini&nite at any 
point within that surface. 

Again, suppose the potential at any point of the axis 
without the outer bounding surface to be 

-oL jft S^ Si 



w»- 
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Then the potential at any point lying without the outer 
bounding surface will be 

For this expression^ when substituted for V, satisfies the 
equation V* V^ ; it also agrees with the given value of the 
potential for every point of the axis, lying without the outer 
bounding surface, and it does not become infinite at any 
point within that surface. 

By the introduction of the expressions for zonal har- 
monics in the form of definite integrals, it will be found that 
if the value of either of these potentials for any point in the 
axis be denoted by (f> {z), the corresponding value for any 
other point, which can be reached without passing through 
any portion of the attracting mass, will be 



^r^(« + («*-r^)lcos^}(?^. 



3. We may next shew how to obtain, in terms of a series of 
zonal harmonics, an expression for the solid angle subtended 
by a circle at any point. We must first prove the following 
theorem. 

The solid angle, subtended by a closed plane curve at any 
point, is proportional to ike component attrax^tion perpendicular 
to the plane of the curve, exercised upon the point by a lamina, 
of uniform density and thickness, bounded by the closed plane 
curve. 

For, if dS be any element of such a lamina, r its distance 
from the attracted point, 6 the inclination of r to the line 
perpendicular to the plane of the lamina, the elementary 
solid angle subtended by dS at the point will be 

dS cos 

And the component attraction of the element of the 
lamina corresponding to d8 in the direction perpendicular 
to its plane will be 

pk-j-cosO^ 
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p being the density of the lamina, 7e its thickness. Hence, 
for this element, the component attraction is to the solid 
angle as pk to 1, and the same relation holding for every 
element of the lamina, we see that the component attraction, 
of the whole lamina is to the solid angle subtended by the 
whole curve as pk to 1. 

Now, if the plane of xi/ be taken parallel to the plane 

of the lamina, and V be the potential of the lamina, its 

component attraction perpendicular to its plane will be 

dV 
— -T-. Now since Fis a potential we have V'F=0, whence 

— V*F=0, or V^(";j~)=0. Hence -r- is itself a potential, 

and satisfies all the analytical conditions to which a potential 
is subject. It follows that, if the solid angle subtended by 
a closed plane curve at any point (a?, i/, z) be denoted by 
CO, 6) will be a function of a?, y, z, satisfying the equation 
y^ft) = 0. Hence, if the closed plane curve be a circle it 
follows that the magnitude of the solid angle which it sub- 
tends at any point may be obtained by first determining 
the solid angle which it subtends at any point of a line 
drawn through its centre perpendicular to its plane, and 
then deducing the general expression by the employment 
of zonal harmonics. 

Now let be the centre of the circle, Q any point on the 
line drawn through perpendicular to the plane of the 
circle, E any point in the circumference of the circle. With 
centre Q, and radius QO, describe a circle, cuttiDg Q^E in L. 
From L draw LN, perpendicular to QO. 

LetOE-:^c, OQ = z. 

Then^i = (c« + ^)4-^, OA'=^^rf^{(c' + ^)i--^l 



"^^ (d' + z')i' 



t 
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And the solid angle subtended by the circle at 

A ON 

= 27r ll - 



To obtain the general expression for the solid angle sub- 
tended at any point, distant r from the centre, we first 
develope this expression in a converging series, proceeding 
by powers of z. This will be 

.81+1 



•-c<+l I • • • 



^^X c'^2c' 2.4c' *> > 2.4...2t 

if 2 be less than c, and 

if s be greater than c. 

f 

Hence, by similar reasoning to that already employed, 
we get, for the solid angle subtended at a point distant r 
from the centre, 

^^\' c ^2 c' 2.4 c» ^•" 

^ ^ 2.4...2i c''^' ■*■•••) 
if r be less than c, and 



27rJ 



2 r^ 2.4 r^ '^•" '^ ^ 2.4...2i r« '^"' 



if r be greater than c. 

4. We may deduce from this, expressions for the potential 
of a circular lamina, of uniform thickness and density, at an 
external point. For we see that, if V be the potential of 
such a lamina, k its thickness, and p its density, we have for 
a point on the axis. 



-^J=pA.2:r|l-^^^}, 



F. H. 



^ 
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whence r= 27rpk {(c' + «'j* — z] 

if M be the mass of the lamina. 



Expanding this in a converging series, we get 



^^ M( , Iz* 1.1a* . 1.1.3^ 



2e 2. 4 c' ^2. 4. 6c' 



. ,,. 1.1.3...(2t-3) z" , 
^~^' 2. 4. 6.. .2* c*-'"^"" 



if 2 he less than c, and 

^flc* 1.1c* . 1.1.3 c« 

6 2" 



■3fflc* 1.1c* 1.1. 
c''l22 2.4«» 2.4. 



. . , l;1^3^^^(2i-^ ^ 
"^~^'' 2.4. 6.. .2i a«-'"^" 



if « he greater than c. 



Hence we obtain the following expressions for the po- 
tential of an uniform circular lamina at a point distant r 
from the centre of the lamina : 

1/fp p , lP,r» 1.1 P/ 
>'-^|-f'«c-^i»-+2-^ 2:4~c»' ■*":•• 

. ., 1.1..3...(2t-3)P^^ , 1 
"^ ^ 2.4.6...2i c"-' ■*"••■■] 

if r he less than c, and 

j^jl P/_1J P/ 1.1.3 P^_ 
c't2 r 2.4 r« "'■2.4.6 t^ "■' 

. ,,. 1.1.3...(2/-3) P^c»'. 1 
 ^" ■^'' 2.4. 6.. .2» 1^^ ^'-\ 

if r be greater than c. 



pr*- 
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It may be shewn that the solid angle may be expressed 
in the form 

and the potential of the lamina in the form 



^|r[c«+{^ + (^««r»)4co8^n4e7^-.^ 



5. As another example, let it be required to determine 
the potential of a solid spnere, whose density varies inversely 
as tne fifth power of the distance from a given external point 
at any point of its mass. 

It is proved by the method of inversion (see Thomson 
and Tait's Natural Philosophy, VoL 1, Art. 518) that the 

potential at any external point P' will be equal to- p/ , 0' 

being the image of in the surface of the sphere, and M 
the mass of the sphere. We shall avail ourselves of this 
result to determine the potential at a given internal point. 

Let C be the centre of the sphere, the given external 
point. Join CO, and let it cut the surface of the sphere in A, 
and in GA take a point (/, such that CO.GO^ CA\ Then 
O is the image of 0, 

m 

Let P be any point in the body of the sphere, then we 
wish to find the potential of the sphere at P. 

Take as pole, and OG as prime radius, let OP = r, 
POO^e. Also let (7J. = a, 0(? = c. 

Let the density of the sphere at its centre be p, then its 

c* 
denaty at P will be p -^ . Hence 



M^2Tr\jp^r^smedrd0, 



4^2 



— ^*MW, ^^^M 
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the limits of r being the two values of r which satisfy the ' 
equation of the surface of the sphere, viz. 

r^ + c^ — icT coa0 = a\ 

and those of being and sin""* - . 

c 

Hence, if r^, r^ be the two limiting values of r, we have 
Now 1 l_ 2ccosg /l IN 

« 

., 1 1 2ccos^ 
Also _-!-_--= -^ ^ 

r r c — a 



U S 9 

*'i^« c — a 



,. fl ly o {c'cos«g-(c«~a') li 
Vr, Tj/ c' — a* 

^ ra' -c« sin' ^) J 



c —a 

a 



. ^^^^ 27rpc _^ 2_^ ["^"""'"'cos^siniJCa'-c'sin'^)^ d^ 




,6 ' 



= rt-^^* f '"'''' cos ^ sin ^ (a» - c' sin' ^4 dd 
[c —a ) J it 



_4 Trpc* , 



Now, if F be the potential at P, we have (siee Chap. i. 
Art. 1) 

dr' ^ainddeV"'^ ddJ~ r* ' 
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This is satisfied by F= — ^ — 5- . 

Assume then, as the complete solutioa of the equation, 



H-(^/ + ^,)p, + .... 



It remains to determine the coefficients -4^, A^,..A^,,,B^^y 

B^,.,B^y so that this expression may not become infinite for 

any value of r corresponding to a point within the sphere, 

and that at any point P on the surface of the sphere it may 

M 
be equal to Typ, where O'P : OP :: a : c, and therefore, at 

the surface, 

And, at the surface, we have 
r«-2crcose + c'-a» = 0; 

1 _ 1 /_i , 2ccosg \ 

/ . B 



r-4jr+^MP^+ ... identically. 



and J5,, 53,...5....-4^, -4^..,^, all.= 0. 
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Hence since P, = 1, 



3 (c* - ay ^'*'* '' ^' 



whence we obtain, as the expression for the potential at any- 
internal point, 

6. We shall next proceed to establish the proposition that 
if the density of a spherical shell, of indefinitely small thick- 
ness, he a zonal surface harimmic, its potential at any internal 
point mil be proportional to the corresponding solid har- 
monic of positive degree, and its potential at any external 
point will he proportional to the corresponding solid harmonic 
of negative degree. 

Take the centre of the sphere as origin, and the axis of 
the system of zonal harmonics as the axis of z. Let b be the 
radius of the sphere, Sb its thickness, U its volume, so that 
U= 47r6^S6. Let CP^ be the density of the sphere, P, being 
the zonal surface harmonic of the degree i, and G any con- 
stant. 

Draw two planes cutting the sphere perpendicular to the 
axis of z, at distances from the centre equal to f, f + d? 
respectively. The volume of the strip of the sphere inter- 
cepted between these planes will be ^ C- and its mass will be 



2b 



Now ^= bfi, hence d^= bd/t, and this mass becomes 



^ 
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Hence the potential of this strip at a point on the axis of z, 
distant z from the centre, will be 

CU P, , 

^'hich may be expanded into 

and -^ ^[Po + Pi-+...+P«-<+....)^/Aif 2;>5. 

To obtain the potential of the whole shell, we must inte- 
grate these expressions with respect to /t between the limits 
— 1 and + 1. Hence by the fundamental property of Zonal 
Harmonics, proved in Chap. ii. Art. 10, we get for the po- 
tential of the whole shell 

9^: — r li+i ^* *^ internal point, 

,% 4 at a. external point. 
2i + 1 z ^ 

From these expressions for the potential at a point on 
the axis we deduce, by the method of Art. 1 of the present 
Chapter, the following expressions for the potential at any 
point whatever : 

r, = -^ ^, at an internal point, 

^9 = TT' — T -iir at an external point. 

From hence we deduce the following expressions for the 
normal component of the attraction on the point. 

Normal component of the attraction on an internal point, 
measured towards the centre of the sphere. 



dr 2i + 1 V 



<+i 
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Normal component of the attraction on an external point, 
measured towards the sphere, 

In the immediate neighbourhood of the sphere, where r is 
indefinitely nearly equal to h, these normal component at- 
tractions become respectively 

and their difference is therefore 

P 

cuy. 

And writing for U its value, 47r&^S3, this expression be- 
comes 

iirhb . CP,. 

Or, the density may be obtained by dividing the alge- 
braic sura of the noimal component attractions on two points, 
one external and the other internal, indefinitely near the 
sphere, and situated on the same normal, by 47r x thickness 
of the shell. 

7. It follows from this that if the density of a spherical 
shell be expressed by the series 

C,P,+ C,P,+ C,P,+ ... + C,P,+ ..., 

C^y C^, 0^.,. Gt... being any constants, its potential (FJ at 
an imernal point will be^ 

\ b ^3 b* +5 i» ^"'^2i + l b'*' ^•••7 
and its potential ( FJ at an external point will be 

yJ I "t" A a • K a » • • • • c% ' t t <+i "*" • • • • / • 

\ r 3 r 5 r* 2^ + l r*^^ / 

In the last two Articles, by the word ''density** is meant 
''volume density," i.e. the mass of an indefinitely small 
element of the* attracting sphere, divided by the volume of 
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the same element. The product of the volume density of 
any element of the shell, into the thickness of the shell ia 
the neighbourhood of that element, is called "surface den- 
sity." We see from the above that, if the surface density 
be expressed by the series 

the potentials at an internal and an external point will seve- 
rally be 

\ r or* o IT 2i + l r ^ / 

This variation in surface density may be obtained either 
by combining a variable volume density with an uniform 
thickness, as we have supposed, or by combining a variable 
thickness with a uniform volume density, or by varying both 
thickness and density. 

8. We have seen, in Chap, ii., that any positive integral 
power of II, and therefore of course any rational integral 
function of /a, may be expressed by a finite series of zonal 
harmonics. It follows, therefore, that we can determine the 
potential of a spherical shell, whose density is any rational 
integral function of fi. 

Suppose, for instance, we have a shell whose density 
varies as the square of the distance from a diametral plane. 
Taking this plane as that of xy, the density may be ex- 

pressed by p/i', or /> t, • We have seen (Chap. ii. Art., 20) 

that 

At« = I (1 + 2PJ. 

Hence, by the result of the last Article, the potential 
will be 

P >( (s "*" ^ "a»~) ^^ ^^ internal point. 
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p o^ (~ + r ~^) ** *^ external point ; 
or, since i\r = -^--^ — r^ = — ^ — , we obtain 

p-i. T" + T(~3+"Zs*)ffor that at an external point. 

9. As an example of the case in which the density is re- 
presented by an infinite series of zonal harmonics, suppose we 
wish to investigate the potential of a spherical shell, whose 
density varies as the distance &om a diameter. Taking this 
diameter as the axis of z, the density will be represented 

by p sin 0, or p (1 — /a*)^. We have investigated in Chap. ii. 
Art. 21y the expansion of sin in an infinite series of zonal 
harmonics. Employing this expansion, we shall obtain for 
the potential 



T^Ilp^l-P r!- 1.3...(2-1 ) 1.3...(i-3) pr* I 
2 & [2 • 16 '6^ •• 2.4...t(i-h2)-2.4...(i-2>'^*J* •••}' 



TT 

2 



or 



2^^|2r 16 V '" 2.4...t(i+2)'2.4...(i-2)i V^* "•)' 

according as the attracted point is internal or external to the 
spherical shell, t being any even integer. All these expres- 
sions may be obtained in terms of surface density, by writing, 
instead of pU, ^^irc^a. 

10. We may next proceed to shew how the potential of 
a spherical shell of finite thickness, whose density is any solid 
zonal harmonic, may be determined. Suppose, for instance, . 
that we have a shell of external radius a, and internal radius 
a\ whose density, at the distance c from the centre, is 

rx PiC\ h being any line of constant length. 

Dividing the sphere into concentric thin spherical shells, 
of thickness dCf the potential of any one of these shells, of 
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radius o, at an internal point distant r from the centre will 
be obtained by writing c for &, ^ for (7, 4t7rc^dc for U, in 
the first result of Art. 6. This gives 

hf ^iTl ~^ ^"^ 2iTl A' '''^ ^' 

To obtain the potential of the whole shell, we must inte- 
grate this expression, with respect to c, between the limits 
a and a. This gives 

Again, the potential of the shell of radius c, at an external 
point, will be 

p 4 7rc' dc Pj c" 47r p_p<^^y 

Integrating as before, we obtain for the potential of the 
whole shell, 

47r p_p(^^^^ 

(2a 4-1) (24 4- 3) A* * r"*' 

Suppbse now that we wish to obtain the potential of the 
whole shell at a point forming a part of its mass, distant r 
from the centre. We shall obtain this by considering sepa- 
rately the two shells into which it may be divided, the 
external radius of the one, and the internal radius of the 
other, being each r. Writing r for a, in the first of the fore- 
going results, we obtain 

And writing r for a in the other result, we obtain 

47r pP,T^-a"*" 

(2i + l)(2i + 3) h* t**^ ' 

Adding these, we get for the potential of the whole 
sphere 

47r pP^( a*-r' . r^» - g"^ \ 

2i + 1 A' I 2 *^ ■*■ (2i + 3) r'*'J ' 
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It is hardly necessary to observe that the corresponding 
results for a solid sphere may be obtained from the foregoing, 
by putting a' = 0. • 

If the density, instead! of being ~ P, c\ be ^ P^ c**, similar 

reasoning will give us, for the potential of the thin shell of 
radius c and thickness dc at an internal and external point 
respectively, 

And, integrating as before, we obtain for the potential of 
the whole shell, 

47r p a*"""^' — a'*""""^' 
(2t + l)(m + i + 3)F^* i5« ^* ^'^ ^''*®™*^ P^'''*- 

And, at a point forming a part of the mass, 

' r 4- 



2i4-l A"* V m-i + t ' m + i + 3 r*"'\ 

11. Suppose, for example, that we wish to determine, in 
each of the three cases, the potential of a spherical shell 
whose external and internal radii are a, a\ respectively, and 
whose density varies as the square of the distance from a 
diametral plane. 

Taking this plane as that of ajy, the density may be ex- 
pressed by ~z^, or raoV- Now /x,* = — ^ — . Hence the 
density of this sphere may be expressed as 

^£pc^A.\Epf:^ 
3A» * ^3 A" * 

The several potentials due to the former term will be, 

2 

writing 2 for i and multiplying by ~ , 
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15 'W ^"^^^ ^^'105A»^« 7^ ' 15 A- V 2 "^^ 7r» )' 
And for the latter term, writing for i, and 2 for m, and 
multiplying by g, 

12 A* <^^ -^ >>' 15 "A- r ' 3 A* \, 4 ■*■ 5V ; * 

And, since P^r^ = — ^ — > ^^ g^^ ^^^ ^^^ potential at an 

Jit 

internal point 

|. Iff (a' - a*^ (3.' - O + J («*-«' O} ; 
at an external point 



P_ 



' 4eir a! — a"' ,„ . ~ 47ra'— a'1 



o r 

at a point forming a part of the mass 

12. We may now prove that by means of an infinite series 
of zonal harmonics we may express any function of ii what- 
ever, even a discontinuous function. Suppose, for instance, 
that we wish to express a function which shall be equal to 
A from /A = l to At = \, and to B from )i6 = X to /i = — 1. 
Consider what will be the potential of a spherical shell, 
radius c, of uniform thickness, whose density is equal to A 
for the part corresponding to values of fi between 1 and X, 
and to B for the part corresponding to values of /a between X 
and — 1. 

Divide the shell, as before, into indefinitely narrow strips 
by parallel planes, the distance between any two successive 
planes being cdfi. 
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We have then, for the potential of such a sphere at any 
point of the axis, distant z from the centre, 



for the first part of the sphere 
and for the latter part 



27r5c"8c 



dyi. 






These are respectively equal to 



■£(p.+P.| + P.^ + ... + P,^i+....)j/*, 



27rJ?c*8c f^ 



£' (p. + P, ? + P. J + ...+P. j' + ....) ii,. 



at an internal point ; and to 
1-rrAc^lo C 



2 iK 

2-irB<^Bc /•* 



r(P, + P,|+...+P,^+. ...)(£/*. 



at an external point. 

Now it follows from Chap. IL (Art. 23) that if i be any 
positive integer, 

whence, since I P^dfJb = 0, it follows that 

£p.d^= 27Ti I^««W -^-»W}- 
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Also [ P^fl = l-\ j P,dfl^l+\. 

Hence the above expressions severally become : 
For the potential at an internal point on the axis 



i 

1 



and for the potential at an external point on the axis 



A-B,^^. ^,-..c 



9 



Hence the potentials at a point situated anywhere are 
respectively 

2!I^[{^(l-X)+5(l+X)}P» 



-^^^{i'.W-^.W}^'^^^"'' 



c 



^{P.(x)-P.W}^ 



at an internal point; 



(.4 
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aud 



2ir(fBc [[A (1 - X) + B{1 + X)} 



r 



A-B 
3 

• 

A-B 



{P.(X)-P.(X)}^'^ 



fp.(x) - PM^ 



-^(P.A)-P..(x)}^^>^- 



at an external point 

Now, if we inquire what will be the potential for the 
following distribution of density, 

j[4(i-x)+£a+x)-(4-j?){p.(x)-p,(x)}p» 

-{A-B)[P,{\)-Pl\)]PM-- 

-{A-B)[P^,{\) -P^MPiiy)--"l 

we see by Art. 6 that it will be exactly the same, both at 
an internal and for an external point, as that above in- 
vestigated for the shell made up of two parts, whose densities 
are A and B respectively. 

But it is known that there is one, and only one, dis- 
tribution of attracting matter over a given surface, which 
will produce a specified potential at every point, both ex- 
ternal and internal. Hence the above expression must 
represent exactly the same distribution of density. That is, 
writing the above series in a slightly different form, the 
expression 

... + {P,J\)-P,.,(X)}P(m) + -] 
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is equal to A^ for all values of ^ from 1 to X, and to B for all 
values of /A fix)m X to — 1. 

, 13. By a similar pifocess^ any other discontinuous function, 
whose values s^e given for all values of /* from 1 to — 1, may 
be expressed* Suppose, for instance, we wish to express a 
function which is equal to A from fi = 14o /i = \, to jB from 
/* = \ to /A = \i and to G fro^i /i =X, to /* = —.1, This will 
be obtained by adding the two series 

"^ - ^i\ + {^.(\) - -P. i\)]PM + -r 

^- ^C\+ {i'.W - -P. Wl^xO*) + 



• • t 



For the former is equal to -4 r- -B from/A = l to /a=tXj, 
and to from /i = Xj to /* = — 1; and the latter is equal to 
B from /Lt = 1 to ft =s Xjj, and to -(7 from /i =s \^ to /i =— 1, 

By supposing A and (7 each = 0, and 5 = 1, we deduce a 
series which Is equal to 1 for all values of /i from /i = X^ to 
ytt = X^ and zero for all othjBr values. This will be 

I [\ - \ + {p.cx.j-p.(3g - PA) - ^.(\)]^» + - 



This may be verifiejd by direct investigation of the 
potential of the portion of a homogeneous spherical shell, 
of density unity, comprised between two parallel planes, 
distant respectively o\ and c\ from the centre of the 
spherical shell, 

14. In the case in which X^ and X, are indefinitely nearly 
equal to each other, let X, == X, and X| =* X + dK We then 
have^ ultimately^ 
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Hence P^.(\) - P^^ - P^,(\) - P^.(X,) 

Hence the series 
^ {1 + 3P,(X)P» + 5P.(X)P.W + ... 

+ (2t + l)P,(X)P,W + ...} 

is equal to 1 when ;i = X (or, more strictly, when fi has any 
value from X to X + dX) and is equal to for all other yalues 

of /A. 

^li^ .- We hence infer that 

^^'' .-; ; ? 1 + 3P,(x)p» + .. . + (2t + i;)p,(x)p.o«) + . . . 

^ /'' ^ is infinite when /i ^ X, and zeroJor all other values of /a. 

15. Bepresentiug the series 

i{l + 3P,(X)P» + ... + (2i + 1)P^)P/^) + ...} 

by ^(X) for the moment, we see that p^(X)dX is equal to p 
when fi^\ and to zero for all other values. Hence the 
expression 

is equal to p^ when pt^^X^ to p^ when ;i=X,... Supposing 
now that X^, \... are a series of values varying continuously 
from 1 to — 1, we see that this expression becomes 

f p(f>{\)dK 

p being. any function of X, continuous or discontinuous. 
Hence, writing ^(X) at length, we «ee that 

lij'pd\ + 3P» J' pP,{X)ctK + ... ' 

+ (2i + l)Pi(ji) f ,/>P|(X)(ZX + ...1 

is equal, for all yalues of fi from — 1 to + 1, to the same 
function of fi that p is of X. 



w 
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16. The same conclusion may be arrived at as follows : 

The potential of a spherical shell, whose density is p, 
and Yolume U^ at any point on the axis of z, is 






pdK 



+ . 
z 



which 18 eqiml to ^ j I piK+^j pP^(^)dK+... 

for an internal point, 

U(l /* c f^ 

and to o J / P^ + "8 1 pPiO^)^ + ••• 

^,| pP]{\)dk + ..X, 

for an external point 

It hence follows that the potential, at a point situated 
anywhere, is 

for am internal point, 

and to J ly pdK + ^^f pP,{\)dK + ... 

for an external point. 

And these expressions are respectively equal to those 
for the potentials, at an internal and external point re- 
spectively, for matter distributed according to the following 
law of density : 

6—2 
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I IJ pdk + SP,(fi)j pP,{\)d\ + • ., 

+ (2i + l)P,{H)f pP,(K)d\ + . . . J . 

It will be observed, in applying this formula, that if p be 
a discontinuous function of \ each of the expressions of the 

form I pPfl(X)d\ will be the sum of the results of a series of 

integrations, each integration being taken through a series of 
values of \ for which p varies continuously. 



CHAPTER IV. 

SPHEEICAL HAKMONICS IN GENERAL. TESSERAL AND SEC- 
TORIAL HARMONICS. ZONAI* HARMONICS WITH THEIR 
AXIS IN ANY POSITION. POTENHAL OF A SOLID NEARLY 
SPHERICAL IN FORM. 

1. We have hitherto discussed those solutions of the 
equation V*F= which are symmetrical about the axis of «, 
or in other words^ those solutions of the equivalent equation in 
polar co-ordinates which are independent of <f). We propose, 
in the present Chapter, to consider the forms of spherical 
harmonics in general, understanding by a Solid Spherical 
Harmonic of the i**^ degree % rational integral homogeneous 
function of x, y, z, of the i*** degree which satisfies the equa- 
tion ^F= 0, and by a Surface Spherical Harmonic of the 
t* degree the quotient obtained by dividing a Solid Sphe- 
rical Harmonic by {s^ +y*4- 2^*. Such an expression, as we 
see by writing x—rsmd eoa^, y = rsin^sin^, z^rco^d, 
will be of the i^ degree in sin 6 cos ^, sin 6 sin ^, cos ^; and 
will satisfy the differential equation in Y^ 

or, 'writiDg /i for cos 9, 

It will be convenient, before proceeding to investigate the 
algebraical forms of these expressions, to discuss some of 
their simpler physical properties. 

2. We will then proceed to shew how spherical har- 
monics may be employed ta determine the potential, and 
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consequently the attraction, of a spherical shell of indefinitely 
small thickness. 

We will first establish an important theorem, connecting 
the potential of such a shell on an external point with that 
on a corresponding internal point. The theorem is as follows : 

I f O he ike centre of such a shell, c its radius, P any ^7^- 
temai point, V an external point, so situated that P' lies on 
OIB produced, and ^a^ OP.OF = c^ a7idz/'0P = r, OF = r', 
then the potential of the shell at P is to its potential a;t Y 
as c to X, or [which is the same thing) asv' to c. 

For, let A be the point where OP* meets the surface of 
the sphere, Q any other point of its surface. Then, by a 
known geometrical theorem, 

QP: QP v.APiAP r.c--r\ ¥ ^e. 






r'-^G rr ^ cr e^-^cr r 



Again, considering the element of the shell in the im- 
mediate neighbourhood of Q, its potential at P is to its 
potential at P' as QP is to QP, that is, as c to r, or (which 
IS the same thing) as r' to 0, which ratio^ being independent 
of the position of Q, must be true for every element of the 
spherical shell, and therefore for the whole shell. Hence 
the proposition is proved. 



3. Now, suppose the law of density of the shell to be 

r^ 
such that its potential at any internal point i^ F(jm,4) i* 

Then Fiji, ^) -j must be a solid harmonic of the degree t . 



Hence F(jjl, ^) must be a surface harmonic of the degree e. 

Let us represent it by Y^, 

By the proposition just proved, the potential at any 
external point, distant r from the centre, must be 

Y - 
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Hence, the component of the attraction of the sphere on 
the internal point measured in the direction from the point 
inwards, Le. towards the centre of the sphere, is 

And the component in the same direction of the attraction 
on the external point, measured inwards, is 



^m* 



Now suppose the two points to lie on the same line 
passing through the centre of the sphere, and to be both 
indefinitely close to the surface of the sphere, so that r and r' 
are each indefinitely nearly equal to a 

And the attraction on the external point exceeds the 
attraction on the internal point by 



(2i + l) 



c 



Now, supposing the shell to be divided into two parts, 
by a plane passing through the internal point perpendicular 
to the line joining it with the centre, we see that the at- 
traction of the larger part of the shell on the two points will 
be ultimately the same, while the component attractions of 
the smaller portions, in the direction above considered, will 
be equal in magnitude and opposite in direction. Hence the 

Y 

diflerence between these components, viz. (2i + 1) — ^, will be 

c 

equal to twice the component attraction of the smaller 

portion in the direction of the line joining the two points. 

But if Pi be the density of the shell, Sc its thickness, this 

component attraction is 2'irp^Sc. 

Y 

Hence (2i + 1) — -* «= 47rp, Sc, 

2» + l ^ 
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And, if a^ be the corresponding surface density. 

It hence follows that if the potential of a spherical shell, 
of indefinitely smaU thichness, be a surface harmonic, its 
potential at any internal point will he proportional to the 
corresponding solid harmonic of positive degree, and its po- 
tential at any eontemal point will he proportional to the 
corresponding solid harmonic of negative degree. 

That is, the proposition' proved fot zonal harmonics in 
Chap. IIL Art. 6, is now extended to spherical harmonics in 
general. 

4. The spherictil harmonic* of the degfee i will involve 
2i + 1 arbitrary constants. 

For the solid spherical harmonic, rTj, being, a rational 
integral function of x, y, z of the i*^ degree, will consist of 

2 terms. Now the expression V'F, being a 

rational integral function of x, y, z of the degree i— 2, will 

consist of -^^ — ^-^ terms ; and the condition tfeat' it must be 

= for all values of x, y, z, will give rise to ^^ — ^ — relations 

among the ^^ — coefficients of these terms, leaving 

'^^ ~ ^- — 9"^ ^^ ^*' "^ ■^» independent coefficients. 

5. We proceed to shew how the spherixial harmonic of the 

degree i may be arranged in a series of terms, each of which 

misty be deduced by diflfereiitfertion'fmm the Zonal Harmonic 

sjrmmetrical about the axis of z. The solid zonal harmonic, 

which, in accordance with the notation already employed, is 

represented by r^F^ {fi), is a function' of grand r of the degree i, 

d^V d^V (PF 
satisfying the equation V^F^ 0, or --^ + -r-,- -i- -r-^ = 0. 

Now, if we denote this\^%ressidli by P, (z), we see that 
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Since it is a function of z and r, it is a function of the dis- 
tance {z) from a certain plane passingthrough the origin, and 
of the distance (r) from the origin. Further, if we write for z 
the distance from any other plane passing through the origin, 

d^V c?F d^V 
leaving r unaltered, the ^uation -r-j + XT + ';7"« —^ ^'^^ 

continue to be satisfied! 

Now «4-,a(aj + >/— ly), a being any quantity whatever, 
represents the distance from a certain plane passing through 
the origin, since in this expressiotk, the sum of the squares 
of the coefficients of ^^ a;, ^ is ^i^ual to unity. Hence 

P, {0 + a(a? + s/— ly)} IS a solid zonal harmonic of the 

on 'U 

degree %^ its aids being the imaginary line - = 'J = z. 

Therefore the equation 

1^^ df^ d^''^' 



is satisfied by V^F^ {« + a (fc + V— ly)}^ that is, expanding 
by Taylor's Theorem, it is satisfied by 

"^ 1.2,.. i dz' ' 

for all values qfou- 

Hence, since the equation in V is linear, it follows that 
it is satisfied by each term separately^ 6r that, besides P^ {z) 
itself, each of the i expressions, 

satisfies the equation V^O. 

By similar reasoning we may shew that each of the i ex^ 
pressions, 

satisfies the same dquation. 
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Now each of the 2i solutions, thus obtained, is imaginary. 
But the mm of any two or more of them, or the result 
obtained by multiplying any two or more by any arbitrary 
quantities, and adding the results together, will also be a 
solution of the equation. Hence, adding each term of the 
first series to* the corresponding term of the second, we ob- 
tain a series of t real solutions of the equation. Another 
such series may be obtained by subtracting each term of the 
second series from the corresponding term of the first, and 

dividing by V— 1. We have thus obtained (including the 
original term P|(«)) a series of 2» + l independent solutions 
of the given equation, which will be the 2i -H 1 independent 
solid harmonics of the degree {. 

6. We may deduce the surface harmonics fi*om these by 
writing r sin cos <^ for a?, r sin sin <^ for y, r cos for z, 
and dividing by r*. Then, putting cos ^ = /a, and observing 

that P,{z)^r^P,{fjL), ^^ = r*^^^... we obtain the fol- 
lowing series of 2i+ 1 solutions : 

■P.H 

sin^ sin^ ^^, sin 2<f>.Bm'0 ^^fi , ... smuf>ain*0 ^^ . 

Expressions of the form 

Ocos <r<p sm'p , \. , 

or osin a^ sm'5 , „ , 

or their equivalents, 



TESSJERAL AND SBCTOBIAL HABKDNIGS. 75 

(G and S denoting any quantities independent of and ^) 
are called Tesseral Surface Harmonics of the degree i and 
order cr. The particular forms assumed by them when 
a-^i are called Sectorial Surface Harmonics of the degree i. 

It will be observed that, since — t^ is a numerical constant, 

dfjb 

Sectorial Harmonics only involve in the form 

sin'^, or(l-/i?)". 

The product obtained by multiplying a Tesseral or 
Sectorial Surface Harmonic of the degree i by r* (that is, 
the expression directly obtained in Art. 5) is called a Tesseral 
or Sectorial Solid Harmonic of the degree i. 

7. We shall denote the factor of a Tesseral or Sectorial 

d^P (a) 
Harmonic which is a fcmction of 0. that is isin^^g . /^^ , or 

a/A' 

(1 —/**)■ yl > ^y *k^ symbol 7^^*^), or, when it is necessary 

to partipularize the quantity of which it is a function, by 
r/'V) or T/') (cos tf). 

It will te convenient, for the purpose of comparison with 
the forms of Tesseral Harmonies given in the Micdnique 
CSleste, and elsewhere, to obtain T/*^ in a completely de- 
veloped form. . . 

Now, since P,(p) = 2'.1.2.3.../ rf^"^^' ' ''^ ^ *^* 

~2'.1.2.3..-»d'/*<-^'r 1 ■''"TTl"'* "•••]• 
- 2i (2i - !)...(»- 0- + 1) /*<-' 
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- J (2i - 2) (2t - 3)...(» - 0- - 1) /!*<-'-« 

+ ^^r^ (2t - 4) C2» - 5),..(i - <r - g)/*^-'-< 



= 2,-(2i-l)...(;- «r + 1) l/^-' - (»Z^^_£_i) ^<-<r-8 

(e'-«r)(t-«r-l)(t-o-2)(t-«r-g) .,_ | 
^ 2.4.(2i-l)(2t-3) '^ "*]■ 

And therefore 

-'« 2'.1.2.3...» ^^ ''' f  2(2»-l) '^ 

(^-^) {i-a-l) (t-tr-2) (»-«r-3) .,., ) 
■*" 2.4(2i-l)(2t-3) '* ""T 

The form given by Laplace for a Tesseral Sur&ce. Har- 
monic of the degree i and order o- is (see Mioanique G6hate, 
liv. 3, Chap. 2, pp. 40^-47) 

^ (1 - /*•)' |a**-' - ^''"2^(2jllf^^ /**-'■' + -•} «* '^^' 

-4 being a quantity independent of 9 and 0i Tiie factor of 
this, involving /a, is denoted by Thomson and Tait {Natural 
Philosophy, Vol, 1, p. 14*9) by the symbol 0/*^>. Thomson 
and Tait also employ a symbol 5-,^, adopted by Maxwell in 
his Treatise on Electricity and Magnetism, VoL 1, p. 164, 
which is equ&l to 



(i + cr)(V+cr-l)...(i-o-+l)^ "^Z dfJC 

or 2' l'^...a^ m(a) 
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Heine represents the expression 

^U, (»-«^)(«-«r-l) .. 

r 2 (2»- 1) '^ 

(t- g-) (t-o-l) («- g— 2) (i-a-S) ,_, , 1 
2.4.(2»-l)<2»-3) '* -•••|^ 



(^•_1)5-L 



tf* 



or (- ly e[^\ by the symbol PJ fjj), and calls these expres- 
sions by the name Zugeordnete Functionen Erster Art (Hand-^ 
hwh der Kugel/yncHonen, pp. 117, 118) which Todhunter 
translates by the term "Associated Functions of the First 
Kind," which we shall adopt, 

Heine also represents the series 

^ 2(2i-l) ^ 

^ 2.4(2i-.l)(2t-3) ^ ' 

by the symbol ^t (/t), (p. 117). 

The several exiwessions, 1Y\ &[^\ ^'), Pi, ^i, are con- 
nected together as follows ; 

2 .1.2.3...t ^^^^ ^j^j 
2i(2i-l).-.(i-cr+l)^* '^^^ 

— . 2*^•^^(^ — l)...(g-4-l) ^^^ — /^ i \« 7>« — n _ ««\« ^a« 
~(» + cr + l)(i+cr + 2)...2»^. ^^ ^^ -^-^^ ^^ *'• 

8. It has been already remarked that the roots of the 
equation P< =» are all real. It follows also that those of the 

equations -r-^^ 0, -i-j ^ 0.,. Are real also. Hence we may 

arrive at the following conclusions, concerning the curves, 
traced on a sphere, which result from our putting any one 
of these series of spherical harmonics = 0. 

By putting a zonal harmonic=0, we obtain tsihall circles, 
whose planes are parallel to one another, perpendicular tQ 
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the axis of the zonal hannonic, and sjrmmetrically situated 
with respect to the diametral plane, peipendicular to this 
axis. If i be an odd number this diametral plane itself 
becomes one of the series. 

By putting the tesseral harmonic of the ord^r cr=sO, we 
obtain t — o- small circles, situated as before, and tr great 
circles, determined by the equation coscr<^ = 0, or sin a-if> = 0, 
as the case may be, their planes all intersecting in the axis 
of the system of harmonics^ the aag^e between the planes of 

any two consecutive great circleB being - . 

IT 

By putting the sectorial harmonic aaO, W6 obtain t 
great circles, whose planes all intersect in the axis of the 
system, the angle between any two consecutive planes being 






9. The tesseral harmonic may he regttrded from another 
point of view. Suppose it is required to determine a solid 
harmonic of the degree t, and of the form Yy, such that I^ 
shall be the product of a function of fi, and of a function of <l>, 
which functions we will denote by the symbols ilf,, O,, respec- 
tively. The differential equation, to which this will lead^ is . 

.•(.>l,3f,*,+|{,l-^fj*,+j^9.0. 

Now this will be satisfied^ if we make Mi and ^^ satisfy 
the following two equations : 

Tlie latter equation gives 

^< =s CcoB (T^ + (7 sin cr^. 

And, taking o* as an integer, positive or negative, th^ 
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^ former is satisfied by M, = 2;w i.e. (1 - M")*(xi)'^'(l - H^'> 
as we proceed to prove. 

"We know that 



|{(^-'*')f}+*(*+i)-P'-<>- 



Differentiate cr times, and we get 



<2/^< 



«r+l 



{a'-rtf}+.-(.>i)p-«i 



whence, by Leibnitz's Theorem, 



+ »(» + l)p=0' 



or 



and, multiplying by (1 —tJ^ft 

. +(.--.c-)(t+«r+l){l-M?^'-0...(l). 

Now, putting a-A^'fp-r/". 
we get 
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-2(er+l)^(l-Mr^'-«r{(l-/**)"-V(l-/*')' }^' 

And ■»(»•+!) 2;(') = f(.-+«(l-,i?)^|5. 






Hence the equation atove given fof JIfJ is jsatisfied by 
M^ == r/*^^ and the equation in Y^ is satisfied by 

j; = Ciy^ cos cr^ + C r/') sin cr^ 

10. In Chap. II. Art. 10 we have established the fundamental 
property of Zonal Harmonics^ tl^at if t aind m be two unequal 

positive integers, I P^P^dfL^O. This is a particular casiB 

~i 
of the general theorem that if !Fj, 3^ be two surface har- 
monics of the degrees i and m respectively, 
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For, let "FJ, F^ be the corresponding solid harmonics, so 
that Vi=^r*Yt, V^ — ¥^ Y^. Then, by the fundamental pro- 
perty of potential functions, we have at every point at which 
no attracting matter is situated, 

^V, c?F, (PF, ^ cPV cTV iPF 
da? ^ d/ ^ d^ ' da?~^ df'^d^ ' 

and therefore 

or, in accordance with our notation, F^V*^— ^mV'^ — ^• 

Now, integrate this expression throughout the whole 
space comprised within a sphere whose centre is the origin 
and radius a, a being so chosen that this sphere contains no 
attracting matter* We then have 

But also, when the integration extends over all space 
comprised within any closed surface, we have 

///(F.v'F^- F„v-PQ d.dyd.=jj{r/^- Vj^)i8.0, 

H 

dS denoting an element of the bounding surface, and -j- 

differentiation in the direction of the normal at any point. 

Now, in the present case, the bounding surface being a 
sphere of radius a, and F], V^ homogeneous functions of tiie 
degrees i, m, respectively, 

d8 = a*d^, ^♦ = «i*-'F„^=7»a"^r„, 

and, the integration being extended all over the surface of 
the sphere, the limits of /i are — 1 and 1, those of ^, and 27r. 
Hence 

F.H. 6 



■■J 
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whence, tfm--ibenot^O, 

The value of / i Y^dfid^ will be investigated here- 
after. 

11. We may hence prove that if a function of fi and 4> 
can be developed in a series of surface harmonics, such de- 
velopment is possible in ordy one way. 

For suppose, if possible, that there are two such develop- 
ments, so that 

i^'C/^, <^)= r,+ r, + ... -f F,+ .., 

and also 

Then subtracting, we have 

0=1;- f;+ r,- r/+ ... + r,- r; + ... identicaUj, 

Now, each of the expressions Y^ — Y/, Y^^Y^...Y^—Y^ 
being the difference of two surface harmonics of the degree 
0, 1, ,..i... is itself a. surface harmonic of the degree 
0, 1, ...t.... Denote these expressions for shortness by 
Z^y Z^.^.Z^ ..« 80 that 

0=^ + ^ + ... +^ + ... identically. 

Then, multiplying by Z^ and integrating all over the 
surfet^e of the sphere, we have 



O^r rz,*dpd4>. 



That is, the sum of to infinite number of essentially 
positive quantities is =0. This can only take place when 
each of the quantities is separately = 0. Hence Z^ is identi- 
cally 5= 0, or Yi = F„ and therefore the two developments 
are identical 

We have not assumed here that such a development is 
always possible. That it is so, will be shewn hereafter. 



-dfr^^vftiaaMtf 
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12. By referring to the expression for a surface har- 
monic given in Art. 4/we see that each of the Tesseral and 

Sectorial Harmonics involves (1 — /a")*, or some power of 

(1 — /x*)*, as a factor, and therefore is equal to when /^ == ± 1. 
From this it follows that when /a = ± 1, the value of the 
Surface Harmonic is independent of ^, or that if T (ji, ^) repre- 
sent a general surface harmonic, F(± 1, ^) is independent of 
^, and may therefore be written as F (± 1). Or F (1) is the 
value of xQi, ^) at the pole of the zonal harmonic P^ (jjl), 

Jr(— 1) at the other extremity of the axis of P, Qi). 

We may now prove that 

Jo 
For, recurring to the fundamental equation, 

Now, if we integrate this equation with respect to <(>, 
between the limits and Ztt, we see that, since 



/ 






f 
Jo 



and the value of F) only involves <^ under the form of cosines 
or sines of ^ and its multiples, and therefore the values of 

-^ are the same at both limits, it follows that 
Hence 

. ii{(^-'*^(rw)}+»(*+i)(f"w)=o. 

Hence I Y^d<f> is, a function of fi which satisfies the 

J 

fundamental equation for a zonal harmonic, and we therefore 
have 

6—2 
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r 



r,rf^ = cp.o*), 

C being a constant^ as yet nnknowiL 

To determine Cy put ;i~l, then by the remark jnst made, 
7] becomes 1^(1)) and is independent of ^. Hence, when 

/*=1, r'r,d^ = 2irr,(l). AlsoP,Oi)=:l. Wehavethere- 

fore * 27rr,(l)==(7, 



.•.j^r.#=2^r,(l)P,(A*). 



It follows from this that 

13, We may now enquire what will be the value of 

Y^, Z^ being two general surface harmonics of the' degree i. 
Suppose each to be arranged in a series consisting of the 
zonal harmonic P^ whose axis is the axis of z^ and the system 
of tesseral and sectorial harmonics deduced from it. Let us 
represent them as follows : 

r.- AP, 

+ C;!ro>cos^+ (7,7V«co8 2^+ ...+ C,Z;Wco8«r^+ ... 

+ i^,r,W sin ^ + 8J^ an 2^ + ... + B,Ti^^ Bm<r<^ + ... 

Z,^ aP, 

+ Ci!r,«cos^+c,2',Wcos2^ + ... •J-<v2'/»)cosff^ + ... 

CT.W cos ^ 

+«,?;» sin ^+«,r,M sin 2^ + ... +»^,W 8in«7^ + ... 

+«,T/«sint^. 

Hence the product Y^Z, will consist of a series of terms, 
in 'which ^ will enter under the form cos cr^ cos o-'^, or 
cos c^ sin c'^. This expression when integrated between 
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the limits and 27r vanishes in all cases, except when 
<r'=s<r and the expression consequently becomes equal to 
cos* a-tf), or sin'^o*^. In these cases we know that, a being any 
positive integer, 

I co^ a-ff} dip ^ \ BVDi* a-<f>d(f) = IT* 
Jo Jo 

Hence the question is reduced to the determination of the 
value of 



. 



-1 



Now 2;(') = (1-/*T^ 

2'. 1.2.3...*^^ '^^ dfi*+' ' 

But, by the theorem of Bodrigues, proved in Chap. 11. 
Art 8, we know that 



Hence T/') may also be expressed under the form 

^ ^ 2'.1.2.3.-..t[i-£^^ '*'' d^*-' ' 

whence it follows that 

^ * V-k *; V2'.1.2.3...t/ i-<r du*+' rfi*<-» 



Now, putting (/** — 1)* = Jlf for the moment, and inte- 
grating by parts, 

f d*+'Md*-'M ^ _ d*+''-'^ M d i-' M 



-! 
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The factor -j—- — vanishes at both limits, hence 
j.i rf/*»+^ rf/**-*' ^'*'' j-i rf/i»+*'-i d/A*-*'+i ^^ 



-(-»>■/■ 



rf/iy 



/I U' + cr 2 



by a repetition of the same process. 

And by repeating this process a times, we see that 

= (- 1)' (2M . 2 . 3 ...f)' r P/ d^ 
= (-l)*(2M.2.3...0»-|j-. 

and therefore 

rl r2ir ri ra* 

J J (T/<^)coscr^)?d!/iAd<^=J J {r/<^)sincr^)*rf/Arf^ 

_ [^ + o- 27r 

It will be observed that this result does not hold when 
a- = 0, in which case we have 

fience I I Y^Z^dyid^ 



TISSERAL AND SECTORIAL HARMONICS. 87 

" 27r fl* + l U'+2 

, . . 14 We have hitherto considered the Zonal H!armonic 
under its simplest form, that of a " Legendre's Coefficient " in 
-which the axis of z, i.e. the line from which is measured, is 
the axis of the system. We shall now proceed to consider it 
under the more general form of a "Laplace's Coefficient," 
in which the axis of the system of zonal harmonics is in any 
position whatever, and shall shew how this general form may 
be expressed in terms of P<(yx) and of the system of Tesseral 
and Sectorial Haxmonics deduced from it. 

Suppose that ff, <!> are the angular co-ordinates of the 
axis of the Zonal Harmonic, i.e. that the angle between this 
axis and the axis of z is ^, and that the plane containing 
these two axes is inclined to a fixed plane through the axis 
of z which we may consider as that of zx, at the angle if/. 
In accordance with the notation already employed, we shall 
represent cos ^ by fi. 

The rectangular equations of the axis of this sjrstem 
will be 

a? _ y z 

sin ff cos <l>* sin & sin ^' "" cos ^ * 

Hence the Solid Zonal Harmonic of which this is the axis 
is deduced from the ordinary form of the solid zonal har- 
monic expressed as a function of z and r by writing, in place 
of z, X sin ^ cos <^' + y sin ff sin ^' + « cos 6'. 

To deduce the Surface Zonal Harmonic, transform the solid 
zonal harmonic to polar co-ordinates, by writing rsm^cos^ 
for 0?, r sin ^ sin ^ for y, r cos 6 for z, and divide by r*. 

The transformation from the special to the general 
form of surface zonal harmonic may be at once effected, 
by substituting for /it, or cos 0, cos^cos&'+sin^sin^cos(^— ^'), 

Now, in order to develope 

Pi (cos ^Q08^.+ sin sin 6^' cos (^ — ^')1 
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in the manner already pointed out, assume 
P, {cos ^ COS ^ + sin 6 sin ff cos (<^ — <^')} 

+ ((7(2)cos2<^+>S'<^sin2<^) !Z;(«) + ... 
+ ((7<')cos cr<f> + >»<') sin <rt^) T/') + ... 
+ ( (7(*^ cos i<^ + /ff^*) sin t<^) 2?*^, 

the letters A^ ... C^^\ 8^^K.. denoting functions of fi and 
4f, to be determined. 

To determine C<'>, multiply both sides of this equation 
by cos aif>Ti^'^^ and integrate all over the surface of the sphere, 
i.e. between the limits — 1 and 1 of fi, and and 2ir of ^. 
We then get 

j I PJcos5cos5'+sin^sin^cos(<^-^')l<^s<r^2;<'>(?ftd:<^ 

= C(') r r (cos o-<^2;<'>)« d/id<l> 

p — q- 2e + 1 

It remains to find the value of the left-hand member of 
this equation. 

Now cos cr^TY> is a surface harmonic of the degree i, and 
therefore a function of the kind denoted by Y^ in Art. 12. 

And we have shewn, in that Article, that 

t 

that is, that if any surface harmonic of the degree i be muUi- 
plied hy the zonal harmonic of the same degree^ and the product 
integrated all over the surface of the sphere, the integral is 

equal to ^. — r into the value which the surface harmonic 

assumes at the pole of the zonal harmonic. 
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Hence 
I f Pt{coa0coBff + sm0smffcos{^'-<f>')}Y^{fjL,<f>)dfid(f> 

and therefore 

j J Pt {cos ^ cos ^ + sin sin ff cos (<^ - <f>)] cos a^Tl'^^dfid^ 



Hence 



(7<-), 



or C(') = 2J4=^cos(rA'2;<')(uO. 
|^4-q■ ^ * ^' 

Similarly fifW = 2 [t^ sin o-A' 2!<') (u')- 

And to determine A, we have 

I P, {cos^ cos^ + sin ^ sin ^ COS (^- 0')} -P* (ji)dficl<f> 

or A = P,(ji'). 
Hence, P, {cos ^ cos ^ + sin^ sin ^ cos (^ - <f>')} 

= ^. 0*0 P, (m) + 2 {= cos (^ - ^') r/i) OtO r.w 0.*) 



■*" ^ i^*'"^ 2 (^ - ^0 r.w (m') t,® 0*) + ... 
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+ 2 icost (^ - 4>') Tif> (jj!) r.W (^). 

15, We have already seen (Chap. li. Art. 20) how any 
rational integral function of /l& can be expressed by a finite 
series of zonal harmonics. We shall now shew how any 
rational integral function of cos^, sin ^ cos ^, sin d sin ^^ 
can be expressed by a finite series of zonal, tesseral, and 
sectorial harmonics. 

For any power of cos <^ or sin ^, or any product of such 
powers, may be expressed as the sum of a series of terms of 
the form cos cr^, or sin cr^, the greatest value of cr being the 
sum of the indices of cos<^ and sin <^, and the other values 
diminishing by 2 in eacn successive term. Hence any 
rational integral function of cos 0, sin 6 cos ^, sin sin <f>, will 
consist of a series of terms of the form 

cos"* sin* cos cr^ or cos** 6 sin* sin cr^, 

where n is not less than cr. 

If n be greater than a-^n^a- must be an even integer. Let 
71 — <7== 25, then writing sin* 9 under the form (1 — cos*^)* sin''^, 
we reduce cos** sin* cos cr^ to the sum of a series of terms 
of the form cos^ sin' cos cn^, or, writing cos tf = /*, of the 

form ij^ (1 —/[*•)* cos o-<^ 

Similarly cos** ^ sin* ^ sin cr^ is reduced to a series of 

terms of the form fiF (1 — /*") * sin a^. 

1 d" 

^""^ ^"(p+o-)(p + <r-l)...(p+l)^^'''' 

and fjiP'^^ can be developed in a series of terms of the form 
of multiples of Pp+^> Pp+^-a ... . (Chap. ll. Art. 17.) 

Hence /a^ can be expressed in a series of the form 
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Aq, A^ representing known numerical constants, and therefore 
pP {1 -^ fjf)^ assumes the form 

consequently multiplying these series by cos a<f) or sin cr<f), we 
obtain the developments of 

a^ or 

fjiP{l--fi*)^ C0B&<f> and /xP(1 — /i")*sincr^ 
in series of tesseral harmonics. 

16. We will give two illustrations of this transformation. 

First, suppose it is required to express cos* sin' 9 sin ^ cos <t> 
in a series of Spherical Harmonics. 

Here we have sin <f> cos ^ = ^ sin 2^. 

Hence cos' sin' sin ^ cos ^ = ^ cos' sin' sin 2^. 

Comparing this with cos** sin* sin cr^, we see that n is 
not greater than or. 

Hence cos' sin' sin ^ cos <^ = ^ /a' (1 — fi^) sin 2<^. 
and /t* = ^P, + |p, + gP„ 



•• '^ ~12\35 dti" "^ 7 d^' J 

2 (yP« 1 d^P, 

105 d^' ■*■ 21 dfi* ' 

.'. cos* d sin' d sin ^ cos ^ 
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Next Jet it be required to transform cos'd sin'd sin ^ cos'^ 
into a series of Spherical Harmonics. 

Here ain^cos" ^ »= 5 sin 2^ cos ^ «= -- (sin 3^+ sin ^), 
Now cos' sin* sin 3^ = /i' (1 - /*")' sin 3^ 

Also cos* 5 sin* ^ sin ^ = /*• (1 — /**) (1 —/**)* sin^ 

= (/**-,»*) (1 -/**)* sin ^ 

Also (Chap. II. Art. 17) 

A* =gg -fi + y-Pa + g-Po* 

16 24 lOp Ip 

'^ ~231 * 77 *"^21 * 7 •' 
Hence cos' sin* ^ sin 3^ 

1/16 ePF. . 24d!'PA „ ^. . -^ 
-120(23-1^ +77^)^^-'*^'^^^ 

= {3^5 ^•''' + 345 ^4 «^ 3*- 
AndcosVsm«58in^=-^gg3^« + y^^« + g3 ^^ 

2 (ZP 1 dP,\ ., 9si . . 

=_ /'-A. yd)- _?_ yd) 1 yaA sin 6 • 

\693 • 386 * 63 » J^"^9t 
.: cos«^sin»^sin^cos«^={g^2;(») + j^2'w}8in3^ 

^ J— r (1) _ _1_ 71 a) - — T tt)l sm A. 
1693 • 770 * 63 » J ^ 



5 <?P, 



.=a 
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17. The process above investigated is probably the most 
convenient one when the object is to transform any finite 
algebraical function of cos d, sin cos 0, and sin sin ^, into 
a series of spherical harmonics. For general forms of a 
^fxmction of /i and j>, however, this method is inapplicable, 
and we proceed to investigate a process which will apply 
universally, even if the function to be transformed be discon- 
tinuous. 

We must first discuss the following problem. 

To determine the potential of a spherical shell whose 
surface density is F(ji, ^), JF* denoting any function whatever 
of finite magnitude^ at an external or internal point. 

Let c be the radius of the sphere, / the distance of the 
point from its centre, ff^ ^' its angular co-ordinates, V the 
potential. Then ft being equal to cos 

J-Jo [/"-2Gr'{cos^cose'+srn^sind'cos(<^-^')} + c^*' 

The denominator, when expanded in a series of general 
zonal hcurmonics, or Laplace's coefficients^ becomes 

for an internal and an external point respectively, JJ (/*, ^)' 
being written for 

Pi {cos 5 cos ^ + sin ^ sin 0' cos (^ — ^')}. 

Hence, V^ denoting the potential at an internal, p^ at an 
external, point. 



...+~|' j^PiiM'. <l>) F(fi, <f>) dfid<l>+ ...y 
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+ — +^/ J 'PM 0) ^0*> ^) ^/^# + •••} • 

It will be observed that the expression Ptifi, ^) involves 
fi and fi symmetrically, and also if> and <l>\ Hence it satisfies 
the equation 

And^ since fjb and ih are independent of fi and <f>\ this 
differential equation will continue to be satisfied after P^ has 
been multiplied by any function of /i and <l>, and integrated 
with respect to fi and ^, That is, every expression of the 
form 

is a Spherical Surface Harmonic, or "Laplace's Function" 
with respect to /*' and ^' of the degree i. And the several 
terms of the developments of V^ are solid harmonics of the 
degree 0, 1, 2...t... while those of F, are the corresponding 
functions of the degrees — 1, —2, — 3... — (i+ 1), ... And 
these are the expressions for the potential at a point (r , /*', ^') 
of the distribution of density FQi\ ^') at a point (c, /a', ^'). 

Now, the expressions for the potentials, both external 
and internal, given in the last Article, are precisely the same 
as those for the distribution of matter whose surface density is 

+ (2z + 1) fJ^Pt(j^> i>) Fiji. 4>) dnd4> + ...| , 
or, as it may now be better expressed, 



\ 
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+ 8 J f Pi{cos5cos(9'+siii^sm^cos(^-^')-^G^^^)^/*^ 



+ .-. 
+ 



(2i + l) I I P,{cos^cos^+siu^sin(?'cos(<^«^')}^(/*>0)^/^#+--- • 

And, since there is only one distribution of density which 
will produce a given potential at every point both external 
and internal, it follows that this series must be identical 
with F{fjf, <f)). We have thus, therefore, investigated the 
development of F{fi', tf}) in a series of spherical surface 
harmonics*. 

The only limitation on the generality of the function 
F(ji9 ^') is that it should not become infinite for any pair of 
valuer comprised between the limits —1 and 1 of /^, and 
and 2ir of ^. 

18. Ex« To express cos 2<f> in a series of spherical har- 
monics. 

For this purpose, it is necessary to determine the value of 
(2;+ 1) J f 'P, {cos tf cofl^+sin^ sin^ cos (<^-f )} cos 2<f>dfid(f>. 

Now P| [cos 5 cos ^ + sin ^ sin ^ cos (<^ — <f>)} 

= P<(cos5)P,(cos5') 

2 . ^dP^(eose) . ^dP, (cos ff) ,. .,, 

sin*5 



(i-l)f(i + l)(t + 2) 



c?P,(cos5) . ,^«?P,(oos^) o/. .,. 
• X^ ^ "^^ d,.- ^ cos2(<A-j>) + .,. 

Now I cos 0- (<^ - 0') cos 2^ d^ = 0, 

Jo 

for all values of a except 2. ./ . 

* In oounection with the subject of this Article, see a pap€Jt by Sir G. H. 
Darwin in the Meuenger of Mathematics for March, 1877. 
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And I cos2(<^-0')^os2^ei^s=7rcos2^'. 





Also 






And 

cP^ (/A*— 1)* 

Now when /* == 1, 
And when y» = — 1, 

Hence 

= 4 or 0, as i is even or odd ; 
... J* r'sin'^ ^^i^cos 2 (^ - .^') cos 2^ d,.d^ 

= 47r cos 2^' or 0, as i is even or odd ; 

.•. cos 2^' 

1 L 2 . . t /!» «^^« (cos I?') «.. 

2 . . ««<fPicos^) -,, 



w» . •w '_ K. ..i^*.^ v.r »• 



f 
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•^^^ 5767778^^"^^ V '"'"'^'^ 



I 



+ ... 

= 2 «>s 2^ (1:21-4 + gxte -^ sxrs + ••••] • 

Hence the potential of a spherical shelly of radius o and 
surface density cos 2^\ will be 

^'^ '^^ 2^' ii:2fari ? + sTi^sTe ? + 676 .Vts ? + • • •• J ' 

and 

^ \1.2.3.4r' 3.4j.5.6r*^ ft.b.T.Sr' / 

at an internal and external point respectively. 

19. We "will now explain the application of Spherical 
Harmonics to the determination of the potential of a homo- 
geneous solid, nearly spherical in form. The following 
investigation is taken from the M4caniqvs Celeste, Liv. ill. 
Chap. II. 

Let r be the radius vector of such a solid, and let 

r = a + a (a^ Fj 4- a, r, + ... + ai y; + ...), 
a being a small quantity, whose square and higher powers 
may be neglected, a^, a^,...a^... lines of arbitrary length, and 
F^, F,,... r]... surface harmonics of the order 1, 2,...i... re- 
spectively. 

The volume of the solid will be ^7ra\ 

For it is equal to 



4 



= « '7^a^ since 



for all values of i, 

F. H. 
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Again, if the centre of gravity of the solid be taken as 
origin, a^ — 0. 

For if z be the distance of the centre of gravity from the 
plane of xi/, 

^ 7ra' Z'^ j I I r'/A drdfid<f> 

1 r* r^' 



ri r2ir 
= 4a'a ttj I I /A Y^dfJLd(l>. 



Similarly 
4 



3 ^^'" 



a; = 4a' a . a^ I I (1 - /i*)* cos <^ F^ c?/id<^, 

^'7ra'y=4a'a. a^ I I (1 — /i*)i sin ^ F^ d/tef^. 
Now Fj is an expression of the form 

and therefore all the expressions x, y, ~z cannot be equal to 0, 
unless a, = 0. ' 

. We may therefore, taking the centre of gravity as origin. ^ 
write 

r = a + a(ajF,+ ...4-a,r]+ ...), 

as the equation of the bounding surface of the solid. 

Now this solid may be considered as made up of a homo- 
geneous sphere, radius a, and of a shell, whose thickness is 

a (a,F,+, ... + aJT^ + ...). 

The potential of this shell, at least at points whose least 
distance from it is considerable compared with its thickness, 
will be the same as that of a shell' whose thickness is aa, and 
density 
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p^ being the density of the solid. Therefore the potential, 
for any external point, distant R from the centre^ will be 

f 

*^po BR + ^p^^"" [5^ 5* "^ •••• + am m "^ —J • 

The potential at any internal point, distant -B from the 
centre, will be made up of the two portions 

I irp,E' + 27r/>, (a* - JJ^ or 2wp U - 1*-) 

for the homogeneous sphere, 

for the shell, and will therefore be equal to 

20. If the solid, instead of being homogeneous, be made 

up of strata of different densities, the strata being concentric, 

and similar to the bounding surface of the solid, we may 

c 
deduce an expression for its potential as follows. Let - r be 

the radius vector of any stratum, p its density, r having the 
same value as in the last Article, and p being a function 
of c only. Then, Sc being the mean thickness of the stratum, 
that is the difference between the values of c for its inner 
and outer surfaces, the potential of the stratum at an ex- 
ternal point will be 



"^^^/h-IjK*"'""'/ ^^^' 



To obtain the potential of the whole solid at an external 
point we must integrate this expression with respect to c, 
between the limits and a, remembering that p is a func- 
tion of c. 

: " -- ■'.•■ 7—2 



^ 
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Again, the potential of the stratum^ above considered, 
at an internal point will be 

47rpcSc + 4nrp2 -^ [-^^-^ + - 7- -7 + - 

To obtain the potential of the whole solid at an internal 
point we must integrate the expression (1) with respect to c 
between the limits and R, and the expression (2) with 
respect to c between the limits B and a, remembering in 
both cases that p is a function of c, and add the results 
together. 



CHAPTER .V. 

SPHEBICAL HARMONICS OF THE SECOND KIND. 

1. We have already seen (Chap. IL Art. 2) that the 
dififerential equation of which P, is one solution, being of 
the second order, admits of another solution, viz. 

Now if /JL between the limits of ^ integration be equal 
to ± 1, or to any roots of the equation P, = (all of which 
roots lie between 1 and — 1), the expression under the 
integral sign becomes infinite between the limits of inte- 
gration. We can therefore only assign an intelligible 
meaning to this integral, by supposing /ii to be always be- 
tween 1 and X , or between — 1 and — x . We will adopt 
the former supposition, and if we then put C7= — 1,'lhe 

expression p«/-i _ 8\ f^'^' p« r *~lO ^^^ ^® always posi- 
tive. We may therefore define the expression 

dfM 



L 



as the zonal harmonic of the second kind, which we shall 
denote by Q^, or Q^ {fi), when it is necessary to specify the 
variables of which it is a function. 

It will be observed that, if fi be greater than 1, JJ is 
always positive. Hence, on the same supposition, Q^ is 
always positive. 

Weseethat g,= r-^ = |log J±i, 

J u, U -^ X A llr— 1 
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1 , fi+i - 



Aad, in a similar manner, the values of Q,, Qs**** ^^7 
be calculated. 

2. But there is another manner of arriving at these 
functions, which will enable us to express them, when the 
variable is greater than unity, in a converging series, with- 
out the necessity of integration. 

This we shall do in the following manner. 

I^t t7=* , V being not less, and fi not greater, than 

V — fl 

unity. 

Then ^«^_1_ ^=_i_ 

dv (y-^P'T* dfi {p—fiY* 



dv {v^fi)*' ^* ^ ^ dfi {v^fiy* I 

Now, let be expanded in a series of zonal harmonics 

P», P»...P,0),sotliiat 

by the definition of P (fi). j 
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And .Uo ^ {(1-.0 f 1-...+^ {(I-.-) ^«^} i.» ^... 

And these two expressions are equal Hence, equating 
the coefficients oi F^{fl), 

Hence <f>i(v) satisfies the same differential equation as P, 
and Q^. But since i7= when i/ = x , it follows that 0, (i/) =0 
when i/= X . Hence <^,(j/) is some multiple of Qi{v)=AQ^(v) 
suppose. It remains to determine A. 

Now, ^i(v) may be developed in a series proceeding by 
ascending powers of - , as follows. 

We have = - + ^ + ...+-^+.... 

and also = ^,{y) Po{H')+<f>M P,{fi) +... + <f>,{p) P, W + ..- 

Now, by Chap. ii. Art. 17, we see that, if m be any 
integer greater than i, the coefficient of 'P^ in fi^ is 

(2' + ^)(m + i + l)(m + z-l)...(m + 4){m + 2) ^ ' ^^ ^^^' 

and (2i + 1) 7 — A-rvi — H^^Hn — / 1q,/ ,^,1, if * t© even, 
^ ^ (m+t+l) (m + i-'l)...(w-f-3) (w+1) 

m — t being always even. 

Hence,' writing for m successively i, t + 2, t + 4, ..• we get 

^,, ,o-iinI 2.4. ..(t-l) ^ 

^, W = (2^ + 1) |(2i+l)(2i-l)...(i + 2) 

4.6...(i + l) 1 



v'^' 



(2/+3j(2i+l)...(i + 4) V 



.<+» 



"^ "(2i 



^ — ^x'/^T . /« — TT -7+s + ....r if ibe odd, 
f+5)(2i + 3)...(i+6j j;*"^' j 
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2.4...* 1 



and 



-(2.-+l){(2i 



i+l)(2»-l)...(t + l)i;. 

4. 6.. .(1 + 2) 1 



.<+» 



6.8...(t + 4) 1 . ").,., 

(2i + o) (2t + 3). ..(* + 5) i/'^ j 

Now, recurring to the equation 

we' see that, if Q,(i;) be developed in a series of ascending 
powers of -, the first term will be ^„^. — ^, .+, , where G 
is the coefficient of fi* in the development of F^ (ji) ; 

that 18 C=- i) A a (' ^\ — ^f * ^^ ^^^y 

and » (t-M)^-H-3) ^ 4-5)...(2/-l) .^ . ^ ^^^^ 

Hence the first term in the development of Q^ {v) is 

' (i+2)(i + 4)...(2»^lH2i+l) * • 

and s= .. . ^. ,. — iTT — j^r-, — ^v .^. — TV II * be even, 

{i+ 1) (i + 3)...(2i- 1) (2i + 1) 

which is the same as the first term of the development of 
P,H divided by 2j-j-y. 

Hence -4 = 2i + 1, and we have 
1 



V — fl 



= <?o W PM +^Qt(}>) -P^) + 5QM P» + ... 



3. The expression for Q, may be thrown into a more 
convenient form, by introducing into the numerator and de- 
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nominator of the coefficient of each term, the factor neces- 
sary to make the numerator the product of i consecutive 
integers. We shall thus make the denominator the product 
of I consecutive odd integers, and may write 

^ . _ 1.2.3...! J_ 3.4.5...(t + 2) J^ 



1.3.5...(2t + l)i/'-'' • 3.5.7...\2i-\-S)i/ 

5. 6. 7.. .(1 + 4) 1 
5.7.9...(2i+5)i/' 

(2Jfe + l)(2ife+2)...(t + 2Jfc) 1 






=i + 



(2^'+ 1) (2A; + 3)...(2t+ 2Jk + l) i;**^-^"^ •••• 
"whether i be odd or even, 

4. We shall not enter into a full discussion of the pro- 
perties of Zonal Harmonics of the Second Kind. They will be 
found very completely treated by Heine, in his Handhrwh der 
Kugel/unctionen. We will however, as an example, investi- 

gate the expression for -r-^ in terms of ^^p ^,+,... 
Recurring to the equation 

^= <?.(«') PM + 3(?. W P, W + ... 

we see that 

Now we have seen (Chap. ii. Art. 22) that 
^^ = (2i- 1) P,..(/*) + (2.-- 5) P._0*) + ... 

Hence ^^^ = (2t + l) P,(/t) + (2»-3)P^0*) +... 
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+ (2t + l)P,0i*) + ... 

And therefore the coefficient of P<(^) in the expansion 
. d 1 . 

01 J IS 

a/jL P—/JL 
(2t+l) {(2»+3) Q^,{v)+{2i+7) Q,^{v)+{2t+U) Q^{p) + ...]. 
Again, 

And ^J_ + ^J_ = 0. 

Hence, comparing coefficients of F^ (fi), 

-(2t + ll)Q.»-... 
Hence it follows that 

and therefore that 4 

\y^M dp = 2^ {<?,W-Q.« Wl- 

5. By similar reasoning to that by which the existence of 
Tesseral Harmonics was established, we may prove that there 
is a system of functions, which may be called Tesseral Har- 
monics of the Second Kind, derived from T^f^^ in the same i 
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manner as Q, is derived from P,. The general type of such 
expressions will be 



•'"«/.5F 



Wl' (/••-!)' 



and this when multiplied by cos (r<t> or sin cr^, will give an 
expression satisfying the differential equation 



{ 



ci-"-)!}' 



t7+{t(i + l)(l-/i«)-a«}[7=0, 



and which may be called the Tesseral Harmonic of the 
second kind, of the degree i and order <r. 



CHAPTER VI. 



ELLIPSOIDAL AND SPHEROIDAL HARMONICS. 

1. The characteristic property of Spherical Harmonics 
is thus stated by Thomson and Tait (p. 400, Art. 537) . 

"A spherical harmonic distribution of density on a spheri- 
cal surface produces a similar and similarly placed spherical 
harmonic distribution of potential over every concentric 
spherical surface through space, external and internal." 

The object of the present chapter is to establish the ex- 
istence of certain functions which possess an analogous pro- 
perty for an ellipsoid. They have been treated of by Lam^, 
in his Legons sur les fonctions inverses des transcendantes et 
les fonctions isothermes, and were virtually introduced by 
Green, in his memoir On the Determination of the Exterior 
and Interior Attractions of Ellipsoids of Variable Densities^ 
(Transactions of the Cambridge Philosophical Society^ 1835). 
We shall consider them both as functions of the elliptic co- 
ordinates (as Lam^ has done) and also as functions of the 
ordinary rectangular co-ordinates; and after investigating 
some of their more important general properties, shall pro- 
ceed to a more detailed discussion of the forms which they 
assume, when the ellipsoid is a surface of revolution. 

2. For this purpose, it will be necessary to transform 
the equation 

into its equivalent, wh^n the elliptic co-ordinates €, v, v' are 
taken as independent variables. If a, 6, c be the semiaxes 
of the ellipsoid, the two sets of independent variables are 
connected by the relations 
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Thus a' 4" e, 5' + 6, c* + € are the squares on the semiaxes 
of the confocal ellipsoid passing through the point a?, y, z. 

a* 4- u, 6* + u, c* + 1;, the squares on the semiaxes of the 
confocal hyperboloid of one sheet, 

cf + v\ J" + V, <? + v\ the squares on the semiaxes of the 
confocal hyperboloid of two sheets. 

Thus, € is positive if the point x, y, z be external to the 
given ellipsoid, negative if it be internal. 

And, if a* be the greatest, c' the least, of the quantities 
€ will lie between — <? and oo , 

•^ n » ^ » ^ 9 

V „ „ -a* „ -6', 
3. Now -j-^ + -T-a + -y-7 = IS the condition that 

///{©Mfi'Hf)]-*-- 

taken throughout a certain region of space, should be a mini- 
mum. In the memoir by Green, above referred to, this 
expression is transformed into its equivalent in terms of a 
new system of independent variables, and the methods of the 
Calculus of Variations are then applied to make the resulting 
expression a minimum. We shall adopt a direct mode of 
transformation, as follows : 

Suppose a, /8, 7 to be three functions of x, y, ar, such that 

V*a = 0, v'y9 = 0, vV = (1), 

such also that the three families of surfaces represented by 
the equations a = constant, ^ = constant, 7 = constant, inter- 
sect each other everywhere at right angles, i.e. such that 
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dxdic dy dy dzdz ' dxdx dydy dzdz ' 

d2d^^d2d0^d2d0^^ 

doc dx dydy dzdz 

Then 

dV^dVdadVd_§^ dV&i 
dx d% dx dfi dx dydx' 

dix?^'c[I\dx) "^ t?/? W ■*■ rfy \dx) 

^ d}V d^drf g d^Vdrjdx ^ d'V dadfi 
dfidrf dx dx d*^dx dx dx do-dfi dx dab 

^dV^ dV(P^ dV(Py 
dado? d^dx? dy d^* 

d^V dW 

-7-3- and -j-^ being similarly formed, we see that, when the 

three expressions are added together, the terms involving 

dV dV dV 

-T- , -777, -f will disappear by the conditions (1), and those 

d*V d^V d^V 
involving -jrrr > -j—j- > -i—tb by the conditions (2). Hence 
^ dfidy dydz dadfi "^ ^ ' 



^-'^m<t)'o] 



d^V{[d^* 



m<mm 



d^ 
4. Now, let 



=r 



l(a» + f)t6'+t)(c"-tt)l*' 
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Ill 






All these expressions satisfy the conditions (1), for a is 
the potential of a homogeneous ellipsoidal shell, of proper 
density, at an external point, and ^ and 7 possess the same 
analytical properties. 

Again, a is independent of i; and v, and is therefore con- 
stant when 6 is constant. Similarly /3 is constant when t; is 
constant, and 7 is constant when v is constant. Hence a, /3, 
7 ssttisfy the conditions (2), 

Now 



W ■*" U) "^ U) 



" (a''^€)[b''\-€){c' + €)\\dx) '^[di/J ■*"UJj • 



And 



or 



+ 



y' 



a' 4- 6 6* + € c* -I- 6 



X 



r« + 



y' 



K«Ve/"(6» + 6r-(c» + €rJ 



= 1. 



de 2x 



dx a^+e' 



dC dC •m-w 

with similar expressions for -,- and -3-. Hence, squaring 
and adding, 

X* f z* \{[de\* fdeV fde\\ 



.(• 



But from the equations 



«* y «* 



+ 



= 1, 



ar 



a' + e i'+e c" + e ' a' + v b* -i- v c' + v 



+ M 



y 



= 1, 



• /3 is a purely imaginary quantity. We may, if we please, write *J-lp^ 
for/5. 
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r * M I ' "T" -a I -/ "~ "*•> 



we deduce 

- of y^ z* __ (® — c) (« — v) («> — v') 

""a' + o)" 6' + o) "" c^ + ft) "" (« + a"^ (« + y )'((» + c*) ' 

a> being any quantity whatever. For this expression is of 
dimensions in «, e, v, v, it vanishes when cd = e, u, or v , 
and for those values of <o only, it becomes infinite when 
G> = — a', — y, or — c*, and for those values of <o only, and it is 
s 1 when (o s: 00 . 

From this, multiplying by a' + (», and then putting 
a> =s — a', we deduce 

._ (€ + a')(v + a')(i;^ + a*) 

a result which will be useful hereafter. 

Again, differentiating with respect to », and then putting 

a? y* g' _ f 6 — u) (f — v) 

• • W "^ Uy "^ [dzj ~ (e- v) (€-i;') ' 

(u— v) (u — e; (€ — v) ( '^ oa apy 

The equation V*F= is thus transformed into 



i 
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+ («-«'') [{(v + «')(v+ J*) (« + c')}4|;]V 

+ {v-e) [{(„'+«•) (v'+5«)(v'+c')}i^,]V. 

5. A class of integrals of this equation, presenting a close 
analogy to spherical harmonic functions, may be investigated 
in the following manner. Suppose -ff to be a function of e, 
satisfying the equation 

[{(€ + a') {€ + b') (6 + 01* ^]y= (^€ + r)K 

tn and r being any constants. 

• 

Then, if H and H' be the forms which this function 

assumes when i; and v are respectively substituted for e, 

the equation V"r= wiU be satisfied by V^EHH\ 

6. We will first investigate the form of the function 
denoted by E, on the supposition that -ff is a rational integral 
function of € of the degree n, represented by 



«-i n(w — 1) -._, 



We see that 



[{(e + a')(e + J')(6 + c')}i| 



,., nfw— 1) ._ 



+ 



•+P» 



1 



= « Kn - 1) (e + a*) (e + &")(« + O • e""* + (n - 2)^^ 

^(n-2)(n-3) 



.«-• 



1.2 



i>.e +-+^ 



+ 



(e+ »•) (e+c*) + (e+0 (t+a») +(e+a*) (e+ J') 



:: 



e--'+(n-l)i),6 



n-2 
n-a 



^"-^)^'^-^^,e-+...+;,... 



1.2 



F. H. 



8 
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Hence writing 

(6 + a')(€ + y)(€ + c')=€» + 3// + 3/,6+/3, 
we see that 



n 



Un - 1) (€» + 3// + 3// +/J |e-^ + (n - 2) p.e- 



(n-2)(n-3) 



+ 1 (e* + 2/6 +/^ je- + (n - 1) p.e- + ^-^ 



1.2 ^.« +- + P 

(n-l)(«-2) 

2 P^' 



-] 



+ 



-•+l'«-i|J 



Hence, equating coefficients of like powers of e, we get 

m f « + 2) = "»» 
n ^{n - 1) {(n - 2) jj, + 3/,} + 1 [(« - 1) ^, + 2/jJ = nmp, + r, 

n [in - 1) {^pi)i>. + 3 (n - 2)/.p. + 3/.} 
n (n - 1) 



n -^ 



or, as they may be more simply written, 



= rp, 



n» 



n\n+-^ = m, 



n 
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{(!^=il|^(,_|),.,3(,-i,y^.^3(»-l)/.} 

n (n — 1 ) 



It thus appears that p^ is a ratioDal function of r of the 
first degree, jp, of the second, p^ of the n^, and when the 
letters p^y p^.,.p^ ha.Ye been eliminated, the resulting equa- 
tion for the determination of r will be of the (n + 1)**" degree. 
Each of the letters p^, p^'-Pn ^^^ hiQ>^e one determinate 
value corresponding to each of these values of r; and we 

have seen that w = n | w 4- ^j . There will therefore be {n + 1) 

values of E, each of which is a rational integral expression 
of the n^ degree, n being any positive integer. 

7. But there will also be values of Ey of the w*^ degree, 
of the form 

(e+y)i(e+0^|6'-'+(«-l)g.e-'+ '^"-^^^^^-^^ g,e''-'+...4g,..|. 

I 

We thus obtain 



de 



= (e + o»)i (e + 6')(€ + c»)(n - 1) le"-' + (n - 2)5^6"-' 



rn.-2)(n-3) ,^ . ) 

+  1^ ?,€»• + ... + J,.., J; 



8—2 
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+ (e + o»)i (e + 6*)} (n - 1) le*^ + (« - 2) q^ 



."-« 



(n-2)(TO-3) 
1.2 



r,6"-* + ...+j^ 



+ (e+o*)* (e+i*) («+c») (n-1) (n-2) |«— +(n-3) j^ 

(n-3)(n-4) 



1.2 



g',e"+...+j, 



"}]■ 



Hence 



II (e + i*) (c + O +(« + «*) (e + c^ + (« + «*)(« + **)} 



(n-l) 






1.2 



+ (6 + o') (e + b') (€ + c*) (n-l) (n - 2) le- + (n - 3) j, 

. (n-3)(n-4.) 



.«-4 



= (me + r) | e"'* +(n-l)q^* 



1.2 



J,6" + ...+J, 



«-8 



(n -lUw-2) 
1.2 



.n-8 



?,«+•••+? 



n-lj > 



.-. (n-l)(|+n-2) = jn» 

(«-l)|2a' + |(6» + c')+|(n-2)j,| 

+ (n - 1 ) (n - 2) (a* + 5* + c* + (n - 3) 3,} = (n - 1) mj, + r, 
(« - 1) |(^ + aV + a'i') ?._ + (« - 2) a'bV qj^ = r j^,. 
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By a similar process to that applied above, we shall find 
that r is determined by an equation of the n^ degree, and 

that m=(w — 1) f w — ^j, and that each of the letters q^, 

?«---?»»-i ^s a rational function of r. Thus, there will be n 
solutions of the form 

(e + 5»)i (e + c*)i {6-» + („ - 1) y^6- + . . . + y^,)- 

There will also be n solutions of a similar form, in which 

the factors (e + c*)* (e + a')*, (e + a*)* (e + 6*)* are respectively 
involved. Hence, the total number of solutions of the n^ 
degree will be 4m + 1. 

8. We may now investigate the number of solutions of 

the degree n-^-^^ n being any positive integer. These will 

be of the following forms : three obtained by multiplying a 
rational integral function of e of the degree w by (e + a'*)*, 
(e+6")*, (e + c*)^, respectively, and one by multiplying a 
rational integral function of e of the degree n — 1 by the 
product 

An exactly similar process to that applied above will 
shew us that there will be n + 1 solutions of each of the 
first three kinds, and n of the fourth. Hence the total number 
of such solutions will be 3 (» +!) + », or 4n -f 3, that is 



(^^l) 



+ 1. 



To sum up these results, we may say that the total 
number of solutions of the n* degree is 4?i + 1, n denoting 
either a positive integer, or a fraction with an odd numerator, 
and denominator 2. 

Similar forms being obtained for H, E'y we may proceed 
to transform the expression EHH' into a function of x, y, z, 

9, Consider first the case in which 
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Write this under the form 

E^ (e - ©i) (€ - 6),) ... (€- ©J. 

Then fl'=(u — ©J (w — Wg) ... (v— (»„), 

Hence 

EHH' = (e - (o^) {v - m^) (u - wj . . . (e - o) J (u - ©«) (^ - ««). 

Now we have shewn (see Art. 4t of the present Chapter) 
that (e — ftij) (u — ©i) (u — ©J 

= K + a") K + &*) (®i + c^ (-^T— + J^ + -^ - l) • 

Each of the factors of EHH' being similarly transformed, 
we see that EHH' is equal to the continued product of all 
expressions of the form 

the several values of o) being the roots of the equation 
© + np^<o H = — ^ — ^2^ + . . . -rPn = W. 

As this equation has been already shewn to have {n 4- 1) 
distinct forms, we obtain (n + 1) distinct solutions of the 
equation V*F=0, each solution being the product of n 
expressions of the form 

a? v' a* ^ 

a + G) 6+0) c + ft) 

That is, there will be w 4- 1 independent solutions of the 
degree 2n in x, y, z, each involving only et;en powers of the 
variables. 

10. To complete the investigation of the number of solu- 
tions of the degree 2w, let us next consider the case in which E 
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The object here will be to transform the product 

since the other factors will, as already shewn, give rise to the 
product of w — 1 expressions of the form 

a^ + © 6" + 6) c* + 6) 

Now, by comparison of the value of a? given in Art. 4, 
we see that 

= (6" - c^ (V - a') (c" - a*) (c« - 6') y V. 

Hence, we obtain a system of solutions of the form of 
the product of (n — 1) expressions of the form 

+ 7 8 : r IT'. ^> 



a*+6) J* +6) c*+c» 

multiplied by yz. Of these there will be n, and an equal 
number of solutions in which zx, xy, respectively, take the 
place of yz. 

Thus, there will be 4n + 1 solutions of the degree 2n in 
the variables of which » + 1 are each the product of n 
expressions of the form 

a* + 0) 6" + © c* + 0) ' 

n are each the product of (w— 1) such expressions, multiplied 

hyyz, 

tl ••• ••• ••• , ZXf 

91 ••• ••• ••• *^y» 

11. We may next proceed to consider the solutions of the 
degree 2n + 1 in the variables a?, y, z. 

Consider first the case in whicli 

^ = (e + a«)i je" + np/^ + ";^"~^^ ft*"- + . . . +;>,| . 
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Here the product (e + a')* (v + a*)* (v + a*)* will, as just 
shewn, give rise to a factor x in the product EHH', 

Hence we obtain a system of solutions each of which is 
the product of n expressions of the form 

a + © 6 + a> c + w 

multiplied by x. Of these there wiU be w + l, and an equal 
number of solutions in which y, z, respectively take the 
place of the factor x. 

Lastly, in the case in which 

(n-l)(n-2) . 1 

we see that in EHH* the product 

(€+a')4 {v+a')^ (v+a')* (e+i")* (y+h')i (y' 4-^)4 (e+c*)* 

will give rise to a factor (vyz, 

Henee we obtain a system of solutions each of which is 
the product of {n — 1) expressions of the form 

-ft- "f" ,o  T — ; ^ 1, 

a +6) 6 +W c* + ai 

multiplied by a?y-8^. Of these there will be n. 

Thus there will be in + 3 solutions of the degree 2n + 1 
in the variables, of which 

{n + l) are each the product of n expressions of the form 

a? f/^ z* 
-J- — +T5n — + -:r~. 1 multiplied by x, 

(n + 1) are each the product of n such expressions, multiplied 

byy, 
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n are each the product of (n — 1) such expressions^ multi- 
plied by xyz. 

12. Now an expression of the form G .EHE'^ G being 
any arbitrary constant^ is an admissible value of the potential 

at any point within the shell '-^ + n^ +-5 = 1. But it is 

not admissible for the space without the shell, since it 
becomes infinite at an infinite distance* The factor which 
becomes infinite is clearly E^ and we have therefore to 
enquire whether any form, free from this objection, can be 
found for this factor. We shall find that forms exist, bearing 
the same relation to E that zonal harmonics of the second 
kind bear to those of the first. 

Now considering the equation 

[{(6 + a«)(6 + 0(€ + c«)}4^1V=(m6+r)C; 

which we suppose to be satisfied by putting Z7= E^ we see 
that, since it is of the second order, it must admit of another 

particular integral. To find this, substitute for U^ E \vde, 

we then have 

[{(€ + «•) (6 + J") (e + c*)}i|]z7 

= [{(e + a») (e + h*) (e + c*)}* ^1* E . \vde 
+ \ {(« + *•) (6+<5*) + (6 + c*) (e + a») + (6+a«) (c + i*)} Ev 



Heiice v^v^^^^ 
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Now, since by supposition, the equation for the determi- 
nation of ?7 is satisfied by putting U= E, it follows that 

when EJvde is substituted for U, the terms involving Ivde 

will cancel each other, and the equation for the determina- 
tion of V will be reduced to 

Idv 2dE 1 f 1 ,1.1 \_^ 
^"^ vd€^Ed€ ■*"2l^+^'^€ + 6' "*"€ + (?;""' 

whence log » + 2 log ^ + log {(€ + «")(€ + V) (e + c*)}* 

= log Vq+ 2 log Eq+ log abc, 

% and E^ being the values of v and E, corresponding to e = 0. 

El ahc 

..Efvde^v^E,^aho.EJj^,j^^^ 

We may therefore take, as a value of the potential at 
any external point, 

F= v,E' abc EHH' f r . 

For this obviously vanishes when €=oo. It remains so 
to determine v^ that this value shall, at the surface of the 
ellipsoid, be equal to the value G. ERH\ already assumed 
for an internal point. This gives 

G^v^.E^abc] r. 

Hence, putting v^> . E^ . dbc = V^^ we see that to the value 
of the potential 

Y^EEwf— ^ ,. 
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for any internal point, corresponds the value 



■r 



for any external point. 

13. We proceed to investigate the law of distribution of 
density of attracting matter over the surface of the ellipsoid, 
corresponding to such a distribution of potential 

Now, generally, if Sn be the thickness of a shell, p its 
volume density, the difference between the normal compo- 
nents of the attraction of the shell on two particles, situated 
close to the shell, on the same normal, one within and the 
other without will be ^tirpin. This is the attraction of the 
shell on the (Mer particle, minus the attraction on the inner 
particle. 

But the normal component of the attraction on the outer 

dV 

particle estimated inwards is — -r- . 

And, if F' denote the potential of the shell on an in- 
ternal particle, the normal component of the attraction on 

dV 
it estimated inwards is — ,-. 

an 

Hence 4Trpbn = —j -j— . 

'^ an an 

dV^dVdx ^fy.dVdz 
dn dx dn dy dn dz dn* 

dx 
And T- is the cosine of the inclination of the normal at 
dn 

the point a?, y, « to the axis of x, and is therefore generally 

X 

equal to e -^ — , e denoting the perpendicular from the 

a "t" € 

centre on the tangent plane to the surface 
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And we have shewn that 



whence 



,_ (a' + €)(a' + i^)(a' + v) 
2dx 1 



a de a" + €' 



or .-£_ = 2-- 

a'* + e de ' 

cZa? ^ g. dx 
ari de 

' ' <2n \dx de dy de dz de) de ' 

Similarly -^r- = 2e —7— . 

Now V^V^.EHH'f -t; 

• ^ - = r aff' ^^ r <^e 

And r-r..£fffl'j;^,i^^j;^^|^^(^^; 

therefore, generally, 

dV .r „Ty, <fE r de 



— = r HH'—i - 

de •• dej,E* {(«' + «) (*' + «) (<^ + «)l* 

^___ TT 'pjT'n* , 

But, when the attracted particle is in the immediate 
neighbourhood of the surface, € = 0. Hence, the fii-st line 



( 



t 
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dV ... dV 

of the value of — becomes identical with the value of — ,— , 

cLe ae 

and we have 

dr dV^yHir 1 

de^ de ^ E^ ahc* 
Eq denoting the value which E assumes, when e = 0. 

Hence, 47rp8n = 2e V^ —^ j— . 

But Sn, being the thickness of the shell, is proportional to 
e, and we may therefore write ¥~ = ft » ^ being the thick- 
ness of the shell at the extremity of the greatest axis ; 

^Vq a 1 HE' 
^ 2TrSaabc E^ ' 



• • 



and this is proportional to the value of Feon^esponding to 
any specified value of €, since HH' is the only variable 
factor in either. 

Hence functions of the kind which we are now considering 
possess a property analogous to that of Spherical Harmonics 
quoted at the beginning of this Chapter. On account of 
this property, we propose to call them Ellipsoidal Harmonics, 
and shall distinguish them, when necessary, into surface and 
solid harmonics, in the same manner as spherical harmonics 
are distinguished. They are commonly known as Lamp's 
Functions, having been fully discussed by him in his Legons, 
The equivalent expressions in terms of x, y, z have been con- 
sidered by Green in his Memoir mentioned at the beginning 
of this chapter, and for this reason Professor Cayley in his 
" Memoir on Prepotentials," read before the Royal Society 
on June 10, 1875, calls them " Greenians." 

We may observe that the factor 

1 a 1 



47r Sa abc 

1 11 

i is equal to . , ^ , and therefore also to z rt or ^ — tf- 
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Hence, it is equal to 



— [bcSa + caSb + abBc) 



or to 



volume of shell ' 
and the potential at any internal point 

= i volume of shell x jER . p 1 r , 

and the potential at any external point 

= i volume of shell x jEEL . p I ^^ y ; 

where for p must be substituted its value in terms of v and v\ 

14. We will next prove that if F^, F, be two different 
ellipsoidal harmonics, dS an element of the surface of the 

ellipsoid, l\eV^V^d8=^0, the integration being extended all 

over the surface. 

We have generally 

///(r.vr.-F.vrj<&i,&-//(r,*^5-r,!g)is 

And throughout the space comprised within the limits of 
integration, V* V^ = 0, V* F, = 0. Hence 

Now it has been shewn already that Fj, F^ are each of 
the form EHIf, where ^ is a function of e only, H the same 
function of v, H' of v. We may therefore write 

and similarly F, =/, (e)/, {v)f^ {v). 



s 
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Hence F.^^r.F,^, 

* de "" * */ (e) ' 

. F^ r^-vri^M./U^l 

Now, all over the surface, € = 0. Hence 

f (0) f (0) 
Hence, unless - ^j \^ — -^J ,\, = 0, which cannot happen 

unless the functions denoted by f^ and f^ are identical*, or 
only diflfer by a numerical factor, we must have 

Now e is proportional to the thickness of the shell at 
any point. Calling this thickness Be, we have therefore 



jjSeV, 



V.d8=0. 



Hence, adding together the results obtained by integrating 
successively over a continuous series of such surfaces, we get 



jjjr,V,dxdydz = 0; 



F, , Fj now representing solid ellipsoidal harmonics, and the 
integration extending throughout the whole space comprised 
within the ellipsoid. 

* This may be shewn more rigorously by integrating through the 
space boonded by two confocal ellipsoids, defined by the values X and /x of e. 
We then get, as in the text, 

Now the factor within { } cannot vanish for all values of X and /i, unless the 
functions devoted by f^ and /^ be identical, or only differ by a numerical 



^ factor. 
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15. It will be well to transform the expression 



I' 



1 s 



to its equivalent, in terms of v, v\ 

For this purpose we observe that if efe, ds be elements of 
the two lines of curvature through any point of the ellipsoid^ 
dS^dsda*, 

Now, 
cfe* is the value of dof + dy' + dz^ when € and v are constant, 
ds^ •«• ••• ... € and ir 

and .^(6 + a ')(v+a')(v+o') . 

*"" (6" - a») (c" - a'j 

therefore if e and v do not vary, 

^dx dv 

.'. dx^-z.-^ dv* 

Similarly dy^\^Jv/dz^^^Jv; \ 

^ 4 ((a + u) (6 + vy (c + i;)*J 



Again, differentiating with respect to © the expression 

3 2 9 

obtained for -r; h r^ — + — 1, we get 

"**(a» + ft))(i' + ft))(cVa))'^(a» + ft))"(6»+ft,)(c» + ft>)"^-' 
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therefore, putting »^v, 

^ . y' . ^ iv'-v)(€- v) 

(a* + vy "^ (y + v/ ■*"(«? + v)* ~ (a» + v) (^ + «)(? + v) ' 

A similar expression bolding for da'* we get 

j<ji__J^_ (t>'-v)*(e-v)(f-v) , ,, „ 

16 (a'+u) (y+v) (c'+v) (a»+ v') (6'+w') (c'+u') **" ' 

(a'+e)(J'' + €)(c*+e)' 
writing e for oi in the expression above ; 

.^rffl.- 1 (a»+e)(y-h6)(c'+6)(i;-^v)' , 

. . e-ao — jg ^^,^^j (6«+i;)(cVv)(a'-hu)(6'+i;' ) (cVv) ' 

It has been shewn that, integrating all over the surface, 
the limits of v are - c" and —5', those of u , — 6' and — a\ 

Hence, F^, F,, denoting two different ellipsoidal har- 
monics 

f ^ /-'• F,F,(ii-^t;)dudu- ^ 

J-v^J-a^ [(a'+v) (6»+i/) (c'+i;) (a'+v') (6'+ v ) (c"+i;')l* 

The value of the expression 1 1 1 V^datdycU, or its equiva- 
lent 

, /•-•' /•-»• J^(v'^v)dvdv' 

^ j.6ij-a»{(a»+i;)(*»+u)(c«+u)(a'+i;')(«^'+v')(c*+u')}^' 

in any particular case, is most conveniently obtained by 
expressing Fas a function of x, y, z, 

F.H. 9 
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16. Before proceeding further with the discussion of ellip- 
soidal harmonics in general, we will consider the special case 
in which the ellipsoid is one of revolution. We must enquire 
what modification this will introduce in the qiiantities which 
we have denoted by a, /S, 7, viz. 

^^ r d± 

J . (a' + ^)1 (J* + -f )4 (c* + 1^) * ' 
h (a' + f )* (6* + if )* (c* + f )* 

and in the differential equation 

(f-«)^ + (v-e)^ + (e-v)^=0. 

We will first suppose the axis of revolution to be the 
greatest axis of the ellipsoid, which is equivalent to supposing 
J* = c*. To transform a and 7, put o* + ■^ = ^, a*+e = tf, 
o' + u = »* ; we then obtain 

To transform )9, we must proceed as follows. 

Put i|r = -c*co8V-6'sin*'Br, v = - c" cos' ^ - 6* sin" <^, 
we then get generally 

6« + i|r= (6»-c") cosV, c« + i|r= (c"- 5") sinV ; 

rfi|r = 2(c' — 6*) COS '07 sin '07 do- ; 1 

• /9 = -1= r — ^^ = ^^^^ 
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Hence. |.._1 (V-a'+ i^ | , 

d _ {a*-V)^ d 

Also, e = 17* - a*, w' = o»* — a*, v = — 6', and our differential 
equation becomes 

(a«_6«-a,«){(,«-a« + 5«)^}V 
+ (^'-a»+J«)|(«»-a*+5')£}V 

_(««_,«)(a»-J')^=0, 
or (a,'-o* + J*)|(,'-.a' + i«)^}V 

-(««-&•) (,«-a,')^=0. 

This equation may be satisfied in the following ways. 

First, in a manner altogether independent of <f>, by sup- 
posing V to be the product of a function of rj and the same 
function of ©, this function, which we will for the present 
denote by/(i7) or/(a)), being determined by the equation 



d(0 



^{(-'-«'+^*)|;}/W=-/W- 



9—2 
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Secondly, by supposing ^-5 a constant multiple of V, 
= — o^F^ suppose. 

Our equation may then be written 

- iv' -a* + b^ |(«»- a» + b*) ^l* V 

which may be satisfied by supposing the factor of V inde- 
pendent of ^ to be of the form F{tj) F{<o), where 

The factor involving j> will be of the form 

-4 cos <r^ -f £ sin <r^. 

Now, returning to the equation 

|{(.*-aVi«)|}/(,)««./(,). 

we see that, supposing the index of the highest power of 17 
involved inf(rf) to be i, we must have «i = t (« + 1). 

Now, it will be observed that tf may have any value 
however great, but that cd', which is equal to a' + v, must 
lie between a* — 6' and 0. Hence, puttiug «' « (a* — i') /i**, 
where /a' must lie between and 1, we get 



I 
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Hence this equation is satisfied by /{(a'— 6')*/Lt} = CP,, 
C being a constant ; and supposing u = 1 we obtain the 
following series of values for/ (©), 

t = 0, /(a>) = l, 

Exactly similar expressions may be obtained toTf(ff), and 
these, when the attraction of ellipsoids is considered, will 
apply to all points within the ellipsoid. But they will be 
inadmissible for external points, since rj is susceptible of in- 
definite increase. 

The form of integral to be adopted in this case will be 
obtained by taking the other solution of the differential 
equation for the determination of /{v), i.o- the zonal har- 
monic of the second kind, which is of the form Q. \ — t[ , 

where 

Or, putting ij' = (a* —h*)i^, S^= (a* — h*) X*, we may write 



QM'-pmI 



17. We may now consider what is the meaning of the 
quantities denoted by 77 and a). They are the values of ^ 
which satisfy the equation 



x^ . y' + g' _. 
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and are therefore the semi-axes of revolution of the surfaces 
confocal with the given ellipsoid, -which pass through the 
point '£c, y, z. One of these surfaces is an ellipsoid, and 
its semi-axis is t). The other is an hyperboloid of two sheets 
whose semi-axis is 6>. 

Now, if be the eccentric angle of the point x, t/, z, 
measured from the axis of revolution, we shall have 

a? = ff cos" 0. 

But also, since i;", cd", are the two values of ^ which 
satisfy the equation of the surface. 

Hence o>* = (a* — 6*) cos' 0, 

and we have already put 

whence the quantity whicb we have already denoted by fi 
is found to be the cosine of the eccentric angle of the point 
X, y, z considered with reference to the ellipsoid confocal 
with the given one, passing through the point Xy y, «. We 
have thus a method of completely representing the potential 
of an ellipsoid of revolution for any distribution of density 
symmetrical about its axis, by means of the axis of revo- 
lution of the confocal ellipsoid passing through the point 
at which the potential is required, and the eccentric angle 
of the point with reference to the confocal ellipsoid. For 
any such distribution can be expressed, precisely as in the 
case of a sphere, by a series of zonal harmonic functions of 
the eccentric angle. 

18. When the distribution is not symmetrical, we must 
have recourse to the form of solution which involves the factor 
A cos a-ff}-^ B sin o-^. It will be seen that, supposing F to 
represent a function of the degree i, and putting m = t (t+1), 
the equation which determines F{a)) is of exactly the same 
form as that for a tesseral spherical harmonic. For F{7f), if 
the point be within the ellipsoid, we adopt the same form, 
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if without, representing the tesseral spherical harmonic by 
T/') I — ^^1 , or r/'J (i/), we adopt the form 



Ti^)(y)j 



19. It maybe interesting to trace the connexion of sphe- 
rical harmonics with the functions just considered. This may 
be efiPected by putting J* = a*. We see then that t) will become 
equal to the radius of the concentric sphere passing through 
the point, and fi^-^d^^- V will become equal to rj*. Hence 
the equation for the determination of/ (17) will become 

d f ^ d 



|(''*|)-^('')=*(*+^)-^('')' 



which is satisfied by putting /{rj) =^ff, or ff^**^\ The former 
solution is adapted to the case of an internal, the latter to 
that of an external point. 

With regard to /(«), it will be seen that the confocal 
hyperboloid becomes a cone, and therefore cj becomes inde- 
finitely small. But u, which is equal to 1, remains 

finite, being in fact equal to - or cos 0. Hence /(/x) becomes 
the zonal spherical harmonic. 

Again, the tesseral equations, for the determination of 
F{ri),F{(o\ become 

which are satisfied by F{ri) = V or rf^^^K 

And, writing for cd*, (a*— J*) /i*, ve have, putting F{(o) =x W> 

{(/*•-!) ^}*xM+«^x(m)=«(»+i)(m*-i)xW. 

■which gives x (/*) = Ty> {jt). 



ifaP = 6». 
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J 

20. We will next consider the case in which the axis of | 
revolution is the least axis of the ellipsoid, which is equi- 
valent to supposing a* = b\ To transform a and fi, put 
c* ^y^=s$\ c + € = 77*, c' + v = ©*, we thus obtain 

a = 2l ~s — :?3-a = 7i — ^**^^^ ^^> 

J, a -c -he'" (a'-c'j* 1; 

To transform 7, we must proceed as follows : 

Put -^=8 — a'sin*«r — ft'cos'-BT, i/'as — a'sin'^ — i'cos"^, 
we then get, generally, j 

a'-hi|r=(a*-A')cos*tsr, 6» + ^ = --(a*-6«)sin«t!r, 1 

1 c'+'^=c'— a"sin*9— J'cos'^ rf^s— 2(a'— 6*) sin«r cos«r d^. 

Hence 

'^~ i*(a«flinV-hi"cos'^cr-.cO*~ (a'-c^)* 
Hence, |- = -. ^ (a««c' + ,;') |, 

_ = __(a»-c«+a,)^, 
also, 6 = i7* — c*, 

9 s 
i; = o) — C , 

v = — a , 
and our differential equation becomes 

-(a»-c'+^'){(a'-c' + «^^}V 
+ (,«_a,«)(a»-c')^=0. 
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We will first consider how this equation may be satisfied 
by values of F independent of <f>. 

We may then suppose Fto be the product of a function 
of 97, and the same function of ©, this function, which we will 
suppose to be of the degree i, being determined by the 
equation 



dr) 
doD 



|(a*-c' + «')|^|/M=,'(» + l)/(«»). 



On comparing this with the ordinary differential equa- 
tion for a zonal harmonic, it will be seen that, on account 
of a' being greater than c^ the signs of the several terms in 
the series for /(ff) will be all the same, instead of being 
alternately positive and negative. We shall thuB have 

. . .,. _ S5v* + 30 (g* - c') 1;* + 3 («* - c')* . 
»-*. /W 8 (a" - c'/ ' 

and generally 

We will denote the general value of /(17) by p, J — — — r ^ , 
or, writing 1; =: (a' — c')^v, by p^ {y). 
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For external points, we must adopt for /(17) a function 
which we will represent by qA , , x f > ^^ q^(y), which will 
be equal to 

It is clear that /(to) may be expressed in exactly the 
same way. But it will be remembered that 1;" and o)' are 
the two values of y which satisfy the equation 

Hence 17, as before, is the semi-axis of revolution of the 
confocal ellipsoid passing through the point {x, y, z). But 
iy"(o* =s — (a* — c') «', an essentially negative quantity, since 
a* is greater than c*. Hence <»" is essentially negative. Now, 
if ^ be the eccentric angle of the point (x, y, z) measured 
from the axis of revolution, we have «* = iy* cos'^. Hence 

,yV=:-(a"-c^i7*cos'd, 

and therefore «" = — (a* — c') cos' 

= — (a* — c") fi\ suppose. 

Hence the equation for the determination of /(«) assumes 
the form 

the ordinary equation for a zonal spherical harmonic. Hence 
we may write 

fjL being the cosine of the eccentric angle of the point x, y, z, 
considered with reference to the confocal ellipsoid passing 
through it. 



\ 
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21. We have thus discussed the form of the potential, 
corresponding to a distribution of attracting matter, sym- 
metrical about* the axis. When the distribution is not 
symmetrical, but involves <f> in the form A cos a<f>-\r B sin o-^, 
we replace, as before, P< (/a) by T^^ (ji), and jp, (fi) by a 
function ^/*'^(i') determined by the equation 



t^^\v)^CL^i^y^Mv) 



1) 



and J, M by </-> W/J,^,>^^)^^,^ 

22. As an application of these formulae, consider the fol- 
lowing question. 

Attracting matter is distributed over the shell whose 

surface is represented by the equation -7+ y =1> so 

that its volume density at any point is P, (/tt), ^i being the 
cosine of the eccentric angle, measured from the axis of 
revolution ; required to determine the potential at any 
point, external or internal. 

The potential at any internal point will be of the form 

CPMPM (1). 

and at an external point, of the form 

cpMQM • (2), 

where (a* — ?>')*y = the semi-axis of the figure of the con- 
focal ellipsoid of revolution passing through the point (/it, 1/). 

Now the expressions (1) and (2) must be equal at the 

surface of the ellipsoid, where v = — - — --. . 

(a: — 6*)* 

Hence 
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But generally 



ft{'')=P.<'')£^^^i3^ 



Hence 



We may therefore, putting C = AP^ •I— ^ — — 1|- , write 

and we thus express the potentials as follows : 

AP^ (fj) P, (y) Q^ |— ^— I at an internal point, 

'^^i (/*) Qi (»') -P| \ — i ^f at an external point. 

Or, substituting for Q^ its value in termB of P^, 



r. =AP, w i., w P. |-^ } f jj^,p,._ „ 

at an internal point, 

at an external point. 

Now, to determine A^ we have, Sa being the thickness 
of the shell at the extremity of the axis of revolution, 
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JL ** 1 (dV^ dV\ 
'^ ^la^^KcUr^ dv } 



a 



(a«-6«)* 



- Sr Sa?:^' ^^' ^'^^ ^' {(a' - i*)*} ^' 1(^^} 



1 a A jj, . 



^'|(^fyr»}IU!.d«-^) 



o«-& 



.-1 



~ TZ T*IZ -"-^i W' 



47r6*&t 
Hence, if p = P, (^), we obtain 

a 
And we thus obtain 

d\ 



(o«-»^ 



p.(\)r(x'-i) 



= 4,riS6P.0*)P.(.')ft{^^;j^4|. 

K = 4nrbSb P, {p) P, I / . 1 P. (r) f ,,, ^ 

= 4,r5SJP,0*)(2.MP.|^^^}. 

If the shell be represented by the equation 

it may be shewn in a similar manner that we shall have 
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F, = 47radaP>);),(i/)j,j— ^^ 

23. We may apply this result to the discussion of the 
following problem. 

/ If the potential of a shell in the form of an ellipsoid of 
^f^l revolution ahoid the greatest p^ird be inversely proportional 
^ / to the distance from one focus, find the potential al any 
internal point, and the density. 

If the potential at P be inversely prcfportional to the 
distance from one focus 8, and H be the other focus, we have, 

EP+8P=^2v> HP^8P^2^, 

Hence if M be the mass of the shell, V^ the potential at 
any external point,. 

M 1 



M 



(a' - 6')4 



t{2i+\)P,{ji)QM. 



Kow, by what has just been seen, the internal potential, 
corresponding to P, (ji>) Q, {v), is 

PiM-P.w — J — - — r- 

Hence, if F, be the potential at any internal point, 



^ 



mmmfmi^'m^ 
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F - ^ < (9i,1^ ^'lfa'-y)4 p , , p M 
And the volume density corresponding to P, {/t) Q^ (v) is 



47r686P, 






Hence the density corresponding to the present distri- 
bution is 

If F", had varied inversely as JTP, we should have had 

and our results would have been obtained from the foregoing 
by changing the sign of o), and therefore of fi. 

24. Now, by adding these results together, we obtain 
the distributions of density, and internal potential, corre- 
sponding to 

or, in geometrical language, 

^^'^ SP'^HP" SF.HP ' 

= M multiplied by the axis of revolution of the confocal 
ellipsoid, and divided by the square on the conjugate semi- 
diameter. We may express this by saying that the potential 
at any point on the ellipsoid is inversely proportional to the 
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square on the conjugate semi-diameter, or directly as the 
square on the perpendicular on the tangent plane. 

Corresponding to this» we shall have, writing 2Jk for t, 
since only even values oi i will be retained^ 



^"V-%} 



k being 0, or any positive integer. 

Again, subtracting these results we get 






S 9 



t; — o) rj + CD vf— to 

= M multiplied by the distance from the equatoreal plane, 
and divided by the square on the conjugate semi-diameter. 

This gives, writing 2A; + 1 for i. 



(a* - 6*)ij 



25. In attempting to discuss the {uroblem analogous to 
this for an ellipsoid of revolution about its least axis, we see 
that since its foci are imaginary, the first problem .would re- 
present no real distribution. But if we suppose the external 
potential to be the sum or difference of two expressions, each 
inversely proportional to the distance from one focus, we 



-rf— - ■> — . 
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obtain a real distribution of potential — in the first case 
inversely proportional to the square on the conjugate 
semi-diameter, in the latter varying as the quotient of the 
distance from the equatoreal plane by the square on the 
conjugate semi-diameter. 

It will be found, by a process exactly similar to that just 
adopted, that the distributions of internal potential^ and 
density, respectively corresponding to these will be : 

In the first case 

Jc being 0, or any positive integer. 
In the second case 

' " (^::^4 2 (4Ar+ 3) f—r^ ^«*tO*)i'^iM. 

'^ 4«r(a'-c')*aSa ^ „ c ]* 

Je being 0, or any positive integer. 

26. We may now resume the consideration of the ellip- 
soid with three unequal axes, and may shew how, when the 
potential at every point of the surface of an ellipsoidal shell 
is known, the functions which we are considering may be 
employed to determine its value at any internal or external 
point. We will begin by considering some special cases, 

F. H. • 10 
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by which the general principles of the method may be made 
more intelligible, 

27. First, suppose that the potential at every point of 
the surface of the ellipsoid is proportional to x = — ^- suppose. 

In this case, since x when substituted for V, satisfies the 

_ _— SB 

equation V'^^ 0* ^® see that j^- will also be the potential 

at any internal point. But this value will not be admissible 
at external points, since fs becomes infinite at an infinite 
distance. 

Now, transforming to elliptic co-ordinates 

"'"1 (a«-i')(a'-c') r 

And the expression 
V, Ue+a') (v+g*) (t/'+o*) | i f" d^|t 

. r <?^ 

 J, (t + a') {(t + a') (t + 6*) (t + c')l* 
satisfies, as has already been seen, the equation ^' V^ 0, is 
equal to V^ - at the surface of the ellipsoid, and vanishes 

at an infinite distance. This is therefore ihe value of the 
potential at any external point. It may of course be written 

a J, (^ + a*) {(^ + o") (^.+ b") {f + c")}* 



4 



28. Next, suppose that the potential at every point of 

bo 



the surface is proportional to y«=Fof-, suppose. In this 
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case, as in the last, we see that, since yz when substituted 
for F, satisfies the equation ^7*^=* 0, the potential at any 

internal point will be F^ ^ ; while, substituting for y, z their 

values in terms of elliptic co-ordinates we pbtain for the 
potential at any external point 

YpVlC ^ 

6/^ 



*/, 



29. We will next consider the case in which the po- 
tential, at every point of the surface, varies as fic^ = F© "i 

suppose. This case materially differs from the two just con- 
sidered, for since c^ does not, when substituted for F, satisfy 
the equation TfV^ 0, the potential at internal points cannot 
in general be proportional to a?. We have therefore first to 
investigate a function of a?, y, 0, or of 6, v, v which shall 
satisfy the equation y'F=0, shall not become infinite within 
the surface of the ellipsoid, and shall be equal to a? on its 
surface. 

Now we know that, generally 
(&'+ ©) (c' + G)) «;'+ {(?+c^) (a" + 0)) y'+ (a' + o) (6* + «) ^ 

And, if O^y be the two values of g) which satisfy th^ 
equation 

(6"+©) (c»+ft)) + (c'+«) (a"+©) + (a*+G)) (6'+©)=0.,.(l), 

we see that 

and jf(e-e^(y-e^{v'-e^ = (i. 

And, by properly determining the coefficients A^, A^,A^, 
it is possible to make 

A,+A,{,>-e;)(y-e:)(y'-e:)+A,{e-e:){v-e^{v'-e^.,.{2) 



] = ^ when 6'cV + cV/ + o'JV - a»6V = 0. 



10—2 



^ 



148 .ELLIPSOIDAL AND SPHEROIDAL HARMOKICS. 

Hence, the expression (2) wben A^, A^, -4, are properly 
determined will satisfy all the necessary conditions for an 
internal potential, and will therefore be the potential for 
every internal point. 

Now, we have in general 

and, over the surface 

6'c V + c'ay + o*6 V - a»6 V = 0. 

Hence, ^ being any quantity whatever, we have, all over 
the surfiace, 

and therefore, putting & = — a'. 

Hence, the right-hand member of this equation possesses 
all the necessary properties of an internal potential. It 
satisfies the general differential equation of the second order, 
does not become infinite within the shell, and is proportional 
to x^ all over the surface. 

We observe, by equation (1), that 
(P+co) (c»+o)) + (c*+«) (a'+ffl) + (a'+a) {b^+<o) =3 (e,-<o) {0^-a) 
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identically y and therefore, writing — c? for w, 
Hence, over the surface of the shell. 



and we therefore have, for the internal potential. 

This is not admissible for external points, as it becomes 
infinite at an infinite distance. We must therefore substi- 
tute for the factor e — ^^ 

,_g. r d± 






with a similar substitution for e — 0^ thus giving, for the 
external potential, 

• 3L ^i(^-^,)K+^i) i. (^^/{(t+a')(t+6')(t+c')l^ 

^r d± 

^« (^«-^») K+^.) i. (^-^J» {(^+a') C^+f) (^+c')l^ 

. r • ' rf^ 

+ r ^^ ^ r <?^ l 

J. {(Vr+a')(V^+J')(^+c')}i ' h {^+a')(^+6») (t+c')}U ' 
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The distribution of density over the surface, correspond- 
ing to this distribution of potential, may be investigated by 
means of thd formula 

or its equivalent in Art. 13 of this Chapter. We thus find that 



'h{^-e,\' 



d^ 



(t - ^0' {(^ + «') (^ + i") (t + c') 1* 



{v-e:){v'-e,) ^ r__ d± 

 1 . f • <f^ 1 

 J . {(-^ + a") (t + 6*) (t + c')]U ' 

30. The investigation just given, of the potential at an 
external point of a distribution of matter giving rise to a 
potential proportional to a? all over the surface, has an in- 
teresting practical application. For the Earth may be re- 
garded as an ellipsoid of equilibrium (not necessarily with 
two of its axes equal) under the action of the mutual gravi- 
tation of its parts and of the centrifugal force. If, then, 
y denote the potential of the Earth at any point on or with- 
out its surface, and fl the angular velocity of the Earth's 
rotation, we have, as the equation of its surface, regarded as 
a surface of equal pressure, . 

.'. y+-^ il' («^ + ^) = a constant, IT suppose. 

Hence, if a, J, c denote the semi-axes of the Earth, we 
have, for the determination of F, the following conditions : 
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c?F d'F dT ^ 

5^+^+d7 = « W' 

KsO at an infinite distance (2), 



2 



«» t/* «* 



o« ' J^  c* 



The term 11 will, as we know, give rise to an external 
potential represented by 

nf ^^ r ^^ 

L {(^+a«)(^+i')(f+c')}» *io{(t+a»)(^+6*)(t+01»' 

11 

The two terms —5 XIV, — 5 flV, will give rise to terms 

which may be deduced from the vaJae of F, just given by 

1 1 

successively writing for F^, — -sflV, and — ^flV, and (in 

the latter case) putting 6* for a' throughout. We thus get 

r= In - i ii« (a* + i*)l f ^"^"^ i " 

(^-g.)(v-^.)(v-gj r «^^  

^f ^i nv g' , 6M 
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31. Any rational integral function V of a?, y, z, which 
satisfies the equation y*F=0, can be expressed in a series 
of Ellipsoidal Harmonics of the degrees 0, 1, 2...t in Xy y, z. 
For if F be of the degree t, the number of terms in V will 
^ (t + l)(t+2)(t + 3) ^ jj^^ ^^^ conditioa v*F=0 is 

equivalent to the condition that a certain function of x, y, z 
of tiie degree t— 2, vanishes identically, and this gives rise 

to ^^ ^-^ conditions'. Hence the number of inde- 

pendent constants in F is 

(t + 1) (t-f 2) {{^ 3) (t - 1) t (t + 1) 
6 6 ' 

or (i + 1)'. And the number of ellipsoidal harmonics of the 

TO/ 

degrees 0, 1, 2...i in «:, y, z or of the degrees 0, ^, 1, s— h 
in e, V, V , is, as shewn in Arts. 6 to 10 of this Chapter, 

1 + 3 + 5+.. . + 2i + l, 

or (i + 1)*. Hence aU the necessary conditions can be satis- 
fied. 

f 

32. Again, suppose that attracting matter is distributed 
over the surface of an ellipsoidal shell according to a law of 
density expressed, by any rational integral function of the 
co-ordinates. Let the dimensions of the higheist term in this 
expression be i, then by multiplying every term, except those 
of the dimensions i and t — 1 by a suitable power of 






we shall express the density by the sum of two rational inte- 
gral functions of x, y, z of the degrees i, « — 1, respectively. 
The ilumber of terms in these will be 

(i±l)(i±2)+i(i+l) or (e-tl)'. 
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And any ellipsoiclal surface harmonic of the degree z, i — 2... 
in X, y, z, may^ by suitably introducing the fistctor 

be expressed as a hoinogeaeous function of Xf y, z of the 
degree i ; also any such harmonics of the degree t— 1, t— 3... 
in X, y, z may be similarly expressed as a homogeneous 
function of x, y, z of the degree i — 1. And the total number 
of these expressions will, as just shewn, be (i + 1)*, hence by 
assigning to them suitable coefficients, any distribution of 
density according to a rational integral function of on, y, z 
may be expressed by a series of surface ellipsoidal harmonics, 
and the potential at any internal or external point by the 
corresponding series of solid ellipsoidal harmonics. 

33. Since any function of the co-ordinates of a point on 
the surface of a sphere may be expressed by means of a series 
of surface spherical harmonics, we may anticipate that any 
function of the elliptic co-ordinates v, v' may be expressed by 
a series of surface ellipsoidal harmonics. No general proof, 
however, appears yet to have been given of this proposition. 
But, assuming such a development to be possible at all, it 
may be shewn, by the aid of the proposition proved in 
Art. 15 of this Chapter, that it is possible in only one way, 
in exactly the same way as the corresponding proposition 
for a spherical surface is proved in Chap. iv. Art. 11. 

The development may then be effected as follows. De- 
noting the several surfeice harmonics of the degree t in a?, y, z, 

or 5 iu V, v, by the symbols FjW, F;<«),...F,(«+«, and by 

F{v, v) the expression to be developed, assume 

+ a,«F,« + . . . + c;(')F/') + . . . 

Then multiplying by eF^^'^ and integrating all over the 
surface, we have 

jeF {v, wO F.W dS = Cl^'^je (F.<'))* dS. 
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Th6 values o{jeF(v, v)Vy^d8, and oi\e {Vy^ydSmvLsi 

be ascertained by introducing the rectangular co-ordinates 
X, y, Zf or in any other way which may be suitable for the 
particular case. The coefficients denoted by G are thus 
determined, and the development effected. 
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1. Prove that (sin 0)* - A i>^_ 1« /., + ^ P^, 

Why cannot (sin Gf be expanded in a finite series of spherical 
harmonics ? 

IB 
+ sin 5 

2. Prove that 1 + i P, + i P, + ^ P,+ ... = log — -i . 



Sin ^ 
2 



3. Establish the equations 

dP 



(^"-l)^;'=«f^.-«^.. 



i> 



«P. = (2n-l),^^.-(«-l)i>._.. 
4. 11 Ik = cm J prove that 

and also that 

^*w=(-iy+(-ir*(*+i)c<»"|+... 



(-1)*+-,^^^-=^ fees' I) +... 



5. Prove that, if a be greater than c, and f any odd 
integer greater than m^ 



o-+'«r 2w» -**-»» «'• 



6. Prove that f {^^dii. = i (t + 1). 
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7. Prove that, when fi = * 1, -r-i;*= -r—- \^ . ' . 



dfi'* \i-m 2*lm 



8. Prove that 



2 



P P P 

••• ••• ••• •■• 

P P P 



is a numerical multiple of 



9. Prove the foUowiBg equation, giving any Laplace's co- 
efficient in terms of the preceding one: 



I'^. = PPn + ^f,^JP^O, 



where Cp = fiiJL+Ji -/A*^l-/A'*cos(ft> — w') and C is zero if w be 
even, and 

«+i lw+1 



(-1) 



2-^M 1^(^+1)} 



-9 , if n be odd. 



/ 



10. If t, jy k be three positive integers whose sum is even, 
prove that 

1.3 ... (i + ^' + ^-l) t+J+A; + l ' 

Hence deduce the expansion of PJ^j in a series of zonal 
harmonics. 

11. Express oc^y + j^ + yz+y-hz aa a sum of spherical 
harmonics. 

12. Find all the independent symmetrical complete harmonics 
of the third degree and of the fifth negative degree. 

13.' Matter is distributed in an indefinitely thin stratum over 
the surface of a sphere whose radius is unity, in such a manner 
that the quantity of matter laid on an element (SS) of the surface 

is 8/S^(l+aa>+6y+c«+/iB' + ^y" + &»•), 



J.* !^ 
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where oj, y, z are rectangular oo-ordinates of 'the element Sis' re- 
ferred to the centre as origin, and a, 6, c, /, g, h are constants. 
Find the value of the potential at any pointy whether internal 
or external. 

14. If the radids of a sphere be r, and its law of density be 
p = ax + h/ + cz, where the origin is at the centre, prove that its 

potential at an external point (f, 17, ^ is t^-jm (of + 67 + cj) where 

B is the distance of (f, rj, £) from the origin. 

15. Let a spherical portion of an infinite quiescent liquid be 
separated from the liquid round it by an infinitely thin flexible 
membrane, and let this membrane be suddenly set in motion, 
every part of it in the direction of the radius and with velocity 
equal iio S„ a harmonic function of position on the surface. Find 
the velocity produced at any external or internal point of the 
liquid. State the corresponding proposition in the theory of 
Attraction. 

16. Two circular rings of fine wire, whose masses are Jf and 
My and radii a and a', are placed with their centres at distances 
h, h'y from the origin. The lines joining the origin with the 
centi'es are perpendicular to the planes of the rings, and are in- 
clined to one another at an angle Q. Shew that the potential of 
the one ring on the other is 



i«/Jr2-.-(^5.i?'.<?,), 



where B ^^.."(^-l) t^^.^«(^- lK'^-2)(«-3)y 



2.2 2.2.4.4 



and B^^ and Q^ are the same functions of 6' and a' and of cos 
an d sin respec tively, a nd c is the greater of the two quantities 

V^V+^and Va* + 6'". 

17. A uniform circular wire, of radius a, charged with 
electricity of line-density e, surrounds an uninsulated concentric 
spherical conductor of radius c; prove that the electrical density 
at any point of the surface of the conductor is 

the pole of the plane of the wire being the pole of the harmonics. 
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18. Of two spherical conductors, one entirely surrounds the 
other. The inner has a given potential, the outer is at the 
potential zero. The distance between their centres being so 
small that its square may be neglected, shew how to find the 
potential at ^7 point between the ^pheres^ 

19. If the equation of the bounding surface of a homo- 
geneous spheroid of ellipticity c be of the form 



r=a(l-|cP.). 



prove that the potential at any external point will be 

where C and A are the equatoreal and polar moments of inertia 
pf the body. 

Hence prove that V will have the same value if the spheroid 
be heterogeneous, the surfaces of equal density differing from 
spheres by a harmopic of the second order. 

20. The equation R = a{\' + ay) is that of the bounding 
surface of a homogeneous body, density unity, differing slightly 
in form and magnitude from a sphere of radius a; a is a 
small quantity the powers of which above the second may be 
neglected; and y is a function of two co-ordinate angles, such 
that 

where T^ T ... Z^y 2^ ,.» are Laplace's 'functions. Prove that 
the potential of the body's attraction on an external particle, 
the distance of which from the origin of co-ordinates is r^ is 
given by the equation 

or r ^ • 3r ' (2»+l)r» * J 

W^r o n + 2 g'y ^ ) 
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21. If Jf be the mass of a uniform hemisplierical shell of 
radius e, prove that its potential, at any point distant r from 
the centre, will be 

20*^2 c* V2'^»''"2,4 »c' 

^2.4.6^*0* 2.4.6. 8^^c*^"V' 



M 1 ^n^ e 1 „c^ 
^'2;^-'2^(2^V"-2T4^'^ 



^2,4.6 V 2.4.6.8 ^V ^"7' 

according as r is less or greater than c; the vertex of the henu- 
sphere being at the point at which /& s= 1, 

22. A solid is bounded by the plane of xt/f and extends to 
infinity in all directions on the positive side of that plana 
Every point within the circle a:' + y* = a*, « = Ois maintained at 
the uniform temperature imity, and every point of the plane xy 
without this circle at the uniform temperature 0. Prove that, 
when the temperature of the solid has become permanent, its 
value at a point distant r from the origin, and the line joining 
which to the origin is inclined at an angle 6 to the axis of z will 
be 

r 1* r* 1.3 r* 

1.3...(2i-l) r^' 
" ^" ^ 2.4...2i •*+» a^* ■*■ ••• 
if r < a, and 

la- 1.3„a* , ,,, 1.3».(2t-l) p «•' 

2^»r^"2.4 -r*"*""*"^"^^ 2.4...2* ^»*+V* + - 

if »•> a. 

23. Prove that the potential of a circular ring of radius c, 
whose density at any point is cos mi^, ci^ being the distance of the 
point measured along the ring from j5K>me fixed point, is 
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1.3.5...(2A:-1) ^f"/",^^ c*^ 

+ 7 



+ ... 



^1+ ... > y 



2.4.6...2(m + ife c^/i- r"***** 

where r is greater than c. If r be less than e^ r and c must be 
interchanged. 

24. A solid is bounded by two eonfocal ellipsoidal surfaces, and 
itfl density at any point P varies as the square on the perpendicular 
from the centre on dihe tangent plane to the eonfocal ellipsoid 
passing through P. Prove that the resultant attraction of such 
a solid on any point external to it or forming a part of its mass 
is in the direction of the normal to the eonfocal ellipsoid passing 
through that point, and that the solid exercises no attraction on a 
point within its inner surface. 
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CLASSICS. 

ELEMENTARY CLASSICS, 

t^o, Eightecnpence each. 

This Ssries falls into two Classes— 

(i) First Reading Books for Beginners, provided not 
only -With Ititroductions and Noted, but with 
Vocabularies^ and in some cases with Exercises 
based upon the Text 

(j) Stepptng-fttoneft to the studv of pattictilar authors^ 
intended for mpre advanced students who are beginning 
to read such authors 2ls Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero^ Horace, Virgil, and 
Thucydktes. 

These are provided with Ifitroductioiis and Notes, but 
no Vocabulary. The Fabhshers have been led to pro-' 
vide the more dtfictly Elemttitary Books with Vocabularies 
by the representations of many teachers, who hold that be- 
ginners do rtot tindetstand the u^e of a Dictionary, and of 
others wfco, in the case of middle-class schools where the 
cost of books is a serious consideration, advocate the 
Yocatoulary system on grounds of economy. It is hoped 
that the twtf parts of the Serieii, fitting into one another, 
may together ftilfil all the requirements of Elementary and 
Preparatory Schools, and the Lower Forms of Public 
Schools. 

10.6.89. * « 
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The following Elementary Books, with Introductions, 
Notes, and Vocabularies, and in some cases with 
Exercises, are either ready or in preparation:— 



Aeschylus.— PROMETHEUS VINCTUS. Edited by Rev. H. 
M. Stephenson, M.A. 

Arrian. — selections. Edited for the use of Schools, with 

Introduction, Notes, Vocabulary, and Exercises, by John Bond, 

M.A., and A. S. Walpole, M.A. 
AuluS Gellius, Stories from. Being Selections and 

Adaptations from the Noctes Atticae, Edited, for the use of 

Lower Forms, by Rev. G. H. Nall, M.A., Assistant Master 

in Westminster School. 
Caesar.— THE Helvetian war. Being Selections from 

Book I. of the " De Bello Gallica" Adapted for the use of 

Beginners. With Notes, Exercises, and Vocabulary, by W, 

Welch, M.A., and C. G. Duffield, M.A. 
THE INVASION OF BRITAIN. Being Selections from Books 

IV. and V. of the " De Bcllo Gallico." Adapted for the use of 

Beginners. With Notes, Vocabulary, and Exercises, by W. 

Welch, M.A., and C. G. Duffield, M.A. 
THE GALLIC WAR. BOOK I. Edited by A. S. Walpolb, 

M A 
THE GALLIC WAR. BOOKS IL and IIL Edited by the 

Rev. W. G. Rutherford, M.A., LL.D., Head-Master of West- 
minster. 
THE GALLIC WAR. BOOK IV. Edited by Clement Bryans, 

M. A., Assistant-Master at Dulwich College. 
THE GALLIC WAR. SCENES FROM BOOKS V. and VL 

Edited by C. Colbsck, M.A., Assistant-Master at Harrow; 

foimerly Fellow of Trinity College, Cambridge. 
THE GALLIC WAR. BOOKS V. and VI. (separately). By 

the same Editor. Book V. ready. Book VI. in preparation, 
THE GALLIC WAR. BOOK VII. Edited by John Bond, 

M.A., and A. S. Walpole, M.A. 

Cicero. — de SENECTUTE. Edited by E. S. Shuckburoh, 
M.A., late Fellow of Emmanuel Coll^e^ Cambridge. 
DE AMICITIA. By the same Editor. 

STORIES OF ROMAN HISTORY. Adapted for the Use of 
Beginners. With Notes, Vocabulary, and Exercises, by the Rev, 
G. E. Jeans, M.A., Fellow of Hertford College, Oxford, and 
A. V. Jones, M.A. ; Assistant-Masters at Haileyboiy College. 

EutropiuS. — Adapted for the Use of Beginners. With Notes, 
Vocabulary, and Exercises, by William Welch, M.A., and C. 
G. Duffield, M.A., Assistant-Masters at Surrey County School, 
Cranleigh. 

Homer. — ILIAD. BOOK I. Edited by Rev. John Bond, M.A., 
and A. S. Walpole, M.A. 
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Homer — iltad. bookxviil the armsofachilles. 

Edited by S. R. Jambs, M. A., Assistant-Master at Eton College. 
ODYSSEY. BOOK I. Edited by Rev. John Bond, M.A. and 
A. S. WaIfols, M.A. 

Horace. — odes, books L— IV. Edited by T. E. Page, M. A., 
late Fellow of St. John's College, Cambridge ; Assistant- Master 
at the Cbarterhoase. Each i^. 6^1 

Latin Accidence and Exercises Arranged for Be- 

GINNERS. By William Welch, M.A., and C. G. Duffield, 
M.A., Assistant Masters at Surrey County School, Cranleigh. 

Livy. — ^BOOK I. Edited by H. M. Stephenson, M.A., late 
Head Master of St. Peter's School, York. 

BOOKS XXI. and XXIL (separately), with Notes adapted 
from Mr. Capes' Edition, for the use of junior students, and with 
Vocabularies by J. E. Melhuish, M.A., Assistant- Master in St. 
Paul's School. [In preparation. 

THE HANNIBALIAN WAR. Being part of the XXI. and 
XXII. BOOKS OF LIVY, adapted for the use of beginners, 
by G. C. M41CAULAY, M.A., late Fellow of Trinity College, 
Cambridge. 

THE SIEGE OF SYRACUSE. Being part of the XXI V. and 
XXV. BOOKS OF LIVY, adapted for the use of beginners. 
With Notes, Vocabulary, and Exercises, by George Richards, 
M.A., and A. S. Walpole, M.A. 

LEGENDS OF EARLY ROME. Adapted for the use of begin- 
ners. With Notes, Exercises, and Vocabulary, by Herbert 
Wilkinson, M.A. [In preparation, 

Lucian. — EXTRACTS FROM LUCIAN. Edited, with Notes, 
Exercises, and Vocabulary, by Rev. John Bond, M.A., and 
A. S. Walpole, M.A. 

NepOS. — SELECTIONS ILLUSTRATIVE OF GREEK AND 
ROMAN HISTORY. Edited for the use of beginners with 
Notes, Vocabulary and Exercises, by G.'S. Farnell, M.A. 

Ovid. — SELECTIONS. Edited by E. S. Shuckburgh, M.A. 

late Fellow and Assistant-Tutor of Emmanuel College, Cambridge. 
EASY SELECTIONS FROM OVID IN ELEGIAC VERSE. 

Arranged for the use of Beginners with Notes, Vocabulary, and 

Exercises, by Herbert Wilkinson, M.A. 
STORIES FROM THE METAMORPHOSES. Edited for the 

Use of Schools. With Notes, Exercises, and Vocabulary. By 

J. Bond, M. A., and A. S. Walpole, M.A. 

Phfledrus.— SELECT fables. Adapted for the Use of Be- 
ginners. With Notes, Exercises, and Vocabularies, by A. S. 
Walpole, M.A. 

ThttCydides.— THE RISE OF THE ATHENIAN EMPIRE. 
BOOK L cc LXXXIX. — CXVIt. and CXXVIIL — 
CXXXVIII. Edited with Notes, Vocabulary and Exercises,. by F. 
H. CoLSON, M.A., Senior Classical Master At Bradford Grammar 
School ; Fellow of St. John's College, Cambridge. 
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Virgil.— iENEID. BOOK I. Edited by A, S. WALPOtE, It.A. 
iCNEID. BOOK IL Edited bjr T. £. f AGS, M.A., Assistant- 
Master at the Charterbouse. 
iENEID. BOOKIIL 'EditedhyT.E. f^QU, JUL. A. 11m fnpafatioK. 
' iENEID. BOOK IV. Ed^ed 1^ ^y* H M* ST|9»«9Qtt(, 
M.A« 
MVTETD. BOOK V. Edited by Rev. A. CaMTURT, M.A., 
late Fellow of St. John's College, C^mbri'dg^. ; 

AINEID. BOOK VI. tdlted V T. E. Pag$, M, A. 
iENEID. BOOK VIL Edited by A. Calvekt, M.A. 

[/n fr^/^rq(um. 
iENEID. BOOK IX. Edited by R«v. H. M. STEPifENSW, 

M.A. 
GE0RGIC8. BOOK L Edited by T. E. Page, M.A, 

[/ft pn^mtion. 
SELECTIONS. Edited by £. S. S«VCK8ufiOR, M.A. 

Xcnophon.— ANABASIS. BOOK J. Edited l>r A* S. 
Walpole, M.A. 

ANABASIS. BOOK I. Chaps. I.-^VIJI. fpr tjw use pf ^e^ners, 
with Titles to the Sections, Notes, Vocabulary, and ^fi^rfii^es, by 
E. A. WEtLS, M. A., Assistant Master i^a Dudiani ScHopl. 

ANABASIS. BOOK II. Edited by A. S. W41>poj,b. M- A. 

ANABASIS, SELECTIONS FROM. BOOK IV. TH^ RE- 
TREAT OF THE TEN THOUSAND. E^Jt^i, wifti Kotes, 
Vocabulary, aqd Exercises, by Rev. £. 7X STOlfl^ M*.<^* £c)n)(iprly 
Assistant-Master at Eton. 

SELECTIONS FROM THE CYROP^^DIA. SdiMt with 
Notes, Vocabulary, and Exercises, by A. H. CpQl^s, M.^,| .J^^4^lppr 
ftnd Lecturer of King's College, Cambridge. 

7hQ following iQore advanced Books, with Inti-odflQIIMs 
and Notes, but no Vocabulary^ are eitlier r^ady, or in 
preparation:— 

Cicero.— SELECT LETTERS. EdiUd by iJL^v. O. E, Jeans, 
M. A., Fellow of Hertford Co}l^«, P^ford, fn4 AmtavlrMiister 
at Haileybury Colleger 

Euripides.— HECUBA. Edited by R^. Jo^n ^pj^p^ M.A. 
and A. S; Walpoli, M.A. 

Herodotus.— SELECTIONS FRQM BOOKS VIL AWP VIIl. 
THE EXPEDITION OF 3tERXES. Editad by ^ W- ^flW» 
M.A., FeSow and Lecturer of Rinj^^s College,. Ca9ibri4ge. 

Horace. — selections from the . satires and 

fFISTL:^S. Edited by R«y. W. |. V. S^ksiu }^^ JPritoHr .of 
L Toltti*s College, Cambridge. - 
SELECT EPODES AND AR3 PQETICAw W^ hy H. A. 
D^TON, M. Ai . form^y Senior Student of Chf ji&t(Qbiir^ ; Alfistant- 
Master in Winchester College. 



CLASSICAL SERIES. f 

Pl^tO,— EUTUyPHRO AND MEJiEXPNUS. Edited by C. E. 
Graybs, H. A.^ Clascal Lecturer «ad late Fellow of St. John's 
College, Cambridge. 

Terence.— SCENES from the ANDRIA. Edited by F. W. 
Cornish, M.A., Assistant-Master at Eton College. 

The Greek Elegiac Poets.— FROM CALLINUS TO 

CALLIMACHUS. Selected and Edited by Rev. Herbert 
KynasTON, IX D., l^riAcipal of Cheltenham College, and formerly 
Fellow of St. John's College, Cambridge. 

Thucydides.— BOOK iv. chs. l— xll the capture 

OF SPHACTERIA. Edited by C. E. Graves, M. A. 
VirgiL — GEORGICS. BOOK II. Edited by Rev. J. H. Skrine, 
M.A., late Fellow of Merton College, Oxford ; Warden of Trinity 
College, Glenalmond. 

*«* OfAfT Volupiss tofollwt. 



CLASSICAL SERIES 
FOR COLLEGES AND SCHOOLS. 

Fcap. 8vo. 

Being select portions of Greek and Latin authors, edited 
with Introductions and Notes, for the use of Middle and 
Upper forms of Schools, or of candidates for Public 
Examinations at the Universities and elsewhere. 

Attic Orators.— Selections from ANTlPHON, ANDOCIDES, 
LYSIAS, ISOCRATES, and ISAEUS. Edited, by R. C 
JsBB. LittD., LL.D., Professor of Greek in the University 
of Gla^w. Second Edition. 6j. 

^SChineS.— IN CTESTPHONTEM. Edited by Rev. T. 
GwATKiN, M.A., late Fellow of St. John's College, Cambridge, 
and E. S. Shtickbmgh, M.A, \In the press, 

^SchyluS, — PERSi^J. Edited by A. O. Prickard, M.A. 
Fellow and Tutor of New College, Oxford. With Map. 3^, td, 
SEVEN AGAINST THEBES. SCHOOL EDITION. Edited 
by A. W. Verrall, Lit^»D,, Fellow of Trinity College, 
Cambridge, and M. A. Bayfield, M.A.> Assistant Master at 
Malvern College. 3J. (>d. 

Andocides. — DE M YSTERIIS. Edited by W. J. HiCKite, M. A. , 
formerly Assistant-Master in Densfeone College. 2^. 6</. 

Caesar. — ^THE gallic WAR. Edited, after Kraner, by Rev. 

John Bond, M.A., and A. S. Walpo;-E, M.A. With Maps. 6/. 
Catullus. — SELECT POEMS. Edited by F. P. Simpson, B. A., 

late Scholar of Balliol College, Oxford. New and Revised 

JEditioiL ^. The Tat of this Edition is owefully ada|ited to 

Sdioolnse. 



8 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Cicero.— THE CATILINE orations. From the Gennan 
of Karl Halm. Edited, with Additions, by A. S. Wilkins, 
Litt.D., LL.D., Professor of Latin at the Owens College, Man- 
chester, Examiner of Classics to the University of London. New 
Edition. 3^. 6d, 

PRO LEGE MANILIA. Edited, after Halm, by Professor A« S« 
Wilkins, Litt.D., LL.D. 2s, 6d. 

THE SECOND PHILIPPIC ORATION. From the German 
of Karl Halm. Edited, with Corrections and Additions, 
by John E. B. Mayor, Professor of Latin in the University of 
Cambridge, and Fellow of St. John's College. New Edition, 
revised. 5/. 

PRO ROSCIO AMERINO. Edited, after Halm, by E. H. 
DONKIN, M.A., late Scholar of Lincoln College, Oxford; Assis- 
tant-Master at Sherborne School. 4J. 6d. 

PRO P. SESTIO. Edited by Rev. H. A. Holden, M.A., LL.D., 
late Fellow of Trinity College, Cambridge; and late Classical 
Examiner to the University of London. 5^. 

Demosthenes.— DE CORONA. Edited by B. Drake, M.A., 
late Fellow of King's College, Cambridge. New and revised 
Edition, edited by E. S. Shuckburgh, M.A. [/» tAg press. 

ADVERSUS LEPTINEM. Edited by Rev. J. R. King, M.A., 
Fellow and Tutor of Oriel College, Oxford. 4s. (yd. 

THE FIRST PHILIPPIC. Edited, after C. Rehdantz, by Rev. 
T. GWATKIN, M. A., late Fellow of St. John's College, Cambridge. 
2s. dd, 

IN MIDI AM. Edited by Prof. A. S. Wilkins, Litt.D., LL.D., 
and Herman Hager, Ph.D., of the Owens College, Manchester. 

\In preparation, 

Euripides.— HIPPOLYTUS. Edited by J. P. Mahafpy, M. A., 
Fellow and Professor of Ancient History in Trinity College, Dub- 
lin, and J. B. Bury, Fellow of Trinity College, Dublin. 35. 6rf. 

MEDEA. Edited by A. W. Verrall, Litt.D., Fellow and 
Lecturer of Trinity College, Cambridge. 31. 6</. 

IPHIGENIA IN TAURIS. Edited by E. B. England, M.A., 
Lecturer at the Owens College, Manchester. 4;. dd. 

ION. Edited by M. A. Bayfield, M.A., Assistant-Master at 
Malvern College. [Nearly ready, 

BACCHAE. Edited by R. Y. Tyrrell, M. A., Professor of Greek 
in the University of Dublin. [In preparation. 

Herodotus.— BOOK HI. Edited by G. C. Macaulay, M.A., 

formerly Fellow of Trinity College, Cambridge. [In preparation. 

BOOKS V. AND VI. E4ited by J. Strachan, M.A., Professor 

of Greek in the Oweivs Collie, Manchester. [In preparation, 

BOOKS VII. AND VIIL Edited by Mrs, Montagu Butler. 

[In the press. 

Hcsiod.— THE WORKS AND DAYS. Edited by W. T. 
Lendrum, Assistant Master in Dulwich College. \In preparation. 
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Homer. — iliad. books l, ix., xl, xvl— xxiv. the 

STORY OF ACHILLES. Edited by the late J. H. Pratt, 

M.A., ftftd Walter Leaf, Litt.D., FeUows of Trinity College, 

Cambridge. 6^. 
ODYSSEY. BOOK IX. EditedbyProf. John E.B. Mayor. 2s.6d, 
ODYSSEY. BOOKS XXL— XXIV. THE TRIUMPH OF 

ODYSSEUS. Edited by S. G. Hamilton, B.A„ • Fellow of 

Hertford College, Oxford, y. 6d, 

Horace— THE odes. Edited by T. E. Page, M.A., formerly 
Fellow of St. John's College, Cambridge ; Assistant-Master at 
the Charterhouse. 6s. (BOOKS I., IL, I IL, and IV. separately, 
2J. each.) 

THE SATIRES. Edited by Arthur Palmer, M.A., Fellow of 
Trinity College, Dublin ; Professor of Latin in the University of 
Dublin. 6s. 

THE EPISTLES and ARS POETICA. Edited by A. S. 
Wilkin s, Litt.D., LL.D., Professor of Latin in Owens College, 
Manchester ; Examiner in Classics to the University of 
London. 6s. 

Isaeos.— THE ORATIONS. Edited by William Ridgeway, 
M.A., Fellow of Caius Collie, Cambridge; and Professor of 
Greek in th€ University of Cork. \In proration. 

Juvenal, thirteen satires. Edited, for the Use of 
Schools, by E. G. Hardy, M.A., late Fellow of Jesus College, 
Oxford. 5 J. 
The Text of this Edition is carefully adapted to School use. 
SELECT SATIRES. Edited by Professor John E. B. Mayor. 
X. and XL 3*. 6d. XII.— XVI. 4J. 6d. 

Livy. — ^BOOKS II. and hi. Edited by Rev. H. M. Stephenson, 

M.A. 5j. 
BOOKS XXI. and XXII. Edited by the Rev. W. W. Capes, 

M.A. Maps. 5 J. 
BOOKS XXIII. AND XXIV. Edited by G. C. Macaulay, M.A. 

With Maps. Sj. 

THE LAST TWO KINGS OF MACEDON. EXTRACTS 
FROM THE FOURTH AND FIFTH DECADES OF 
LIVY. Selected and Edited, with Introduction and Notes, by 
F. H. Rawlins, M. A., Fellow of King's College, Cambridge; and 
Assistant-Master at Eton. With Maps. 3^. 6d. 

THE SUBJUGATION OF ITALY. SELECTIONS FROM 
THE FIRST DECADE. Edited by G. E. Marindin, M.A., 
formerly Assistant Master at Eton. \ln preparation. 

Lucretius, books L— hi. Edited by J. H. WARBURtON 
Lee, M. a., later Sch6lar of Corpus Christi College, Oxford, and 
Assistant-Master at Rosalia /^. 6d'. 

Lysias. — select ORATIONS. Edited by E.S. Shitckburgh, 
M.A., late Assistant-Master at Eton College, formerly Fellow and 
Assistant'Tutor of Emmanuel College/ Cambridge. New Edition, 
revised. 6s. 
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MartiaL — SELECT EPIGRAMa Editoa ^r R«vr«: M 
Stephenson, M. A. New Editaon, Revifed anil %n\atg9^ |Sp. 6d, 

Ovid.^— FASTL Edited by O. H. Hallam, M.A., FtUaw of St 
John's CoU^e, Cambridge, and Assistant-Master at Haft>ow. 
With Maps. $$. 

HEROIDUM EPISTULiB XIIL Edited by E. S. SttiTCKBURGH, 

M.A.* 4J. 6^. 
TRISTI A. Edited by the same. l/n preparation. 

METAMORPHOSES. BOOKS L-^HL Edited by C. Simmons, 
M.A. \in f reparation, 

METAMORPHOSES. BOOKS XHL and XlV, Edited by 
C. Simmons, M.A. ^r. 6</. 

Plato. — LACHES. Edited, with Introduction and Notes, by M. T. 
Tatham, M. a., formerly Assistant Master at Westminster, aj. 6flf. 
THE REPUBLIC. BOOKS I.— V. Edited by T. H. Warren, 
M.A., President of St. Mary Magdeleil College, Ozfocd. 6^. 

Plautus.— MILES GLORIOSU8. Edited by R. Y. Tyrrell, 
M.A., Fellow of Trinity College, and R^us Professor of Greek in 
the University of Dublin. Second Edition Revised. 5;. 

AMPHITRUO. Edited by Arthur Palmer, M.A., Fellow of - 
Trinity College and Regius Professor of Latin itt the University 
of Dublin. \In tfupriii, 

Pliny.— LETTERS. BOOK III. Edited by Professor John E. B. 
Mayor. With Life of Pliny by G. H. Kendall, I4. A, 5J. 

LETTERS. BOOKS I. and II. Edited by J. Cowan, B.A., 
Assistant-Master m the Grammar $chool, Manchester. 

\In ihe.prest. 

Plutarch.— LIFE OF THEMISTOKLES. Edited by Rev. 
H. A. HoLDEN, M.A., LL.D. 5J. 

PolybiuS.— THE HISTORY OF THE ACHAEAN LEAGUE 
AS CONTAINED IN THE REMAINS OF POLYBIUS. 

Edited by W. W. Capes, M.A. 6s, 6d.- . 

Propertius. — select poems. Edited by professor L P. 

PoSTOATB, M.A., Fdlow of Trinity College, Catnl>ridge. Second 

Edition, revised. St*. 
Sallust. — CATILINA and JUOURTHA. Edited by d. Meri- 

VALE, D.D., Dean of Ely. New Edition, car^fiilly ivvised and 

enlarged, 4^. 6d, Or separately, Ar. 6d, eacJi. 
BELLUM CATULINAE. Edited by A. M. CooK, M.A*, Assist- 

ant Master at St. Paul's SchooL 41. 6d. 
JUGURTHA. By the same Editor. [M prf^^fufii. 

Tacitus. — ^AGRICOLA anp GERMANIA. Edltod by A. J. 

Church, M.A., and W. J» BkoDaiBB, M.A., Tran^ators of 

Tmntiis. New Edition, 3^. 6(L Or ss^pparatelyi u* each. 
THE ANNALS. BOOK VL By the same Editor*. 2s, 6d. 
THE HISTORIES. BOOKS L and XL Edited by A. D. 

Gom^ky, M.A. 5r. 
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TacitttB.— THE WSTQRIES. BOOKS IlL—V. lifAttame 

Editor, [/n /^ *ress, 

TSE ANNALS. BOOKS L and IL Edited by J. S. Rwd, 

M.L., LittD. [In preparation, 

Terence.— HAUTON TIICORUMENOS. Edited l)y E. S. 
SiHrc«lURGH, M.A. 3J. With TrtftAation, 41*. 6</. 
FHORMIO. Edited by Het* Jdhh Bond, .M.A., and A. S. 
WAJ-POHi;, M.A. 41. 6d. 

Thucydidjjg. BOOK IV. Edited^ by C. E. Gravm, M.A., 
6la9M6ai lecturer, and late Fellow of St. John's College, 

BOOH V, By the sane Editor. [In ike press. 

BOOKS L, II., AND IIL Edited by C. Bryans, M.A. 

[fn preparation, 

BQOKSVLanpVIL THE SICILIAN EXPEDITION. Edited 
^ the Rev. Percival Frost, M. A., late Fellow of St. John's 
College, Cambridge. New Edition, revised and enlarged, with 
Map. Jj. 

Tlbulms.— SELECT POEMS. Edited by Professor J. P. 
POSTGATE, M.A. \ln preparation, 

Virgil.— ^NEID. BOOKS n. AND III. THE NARRATIVE 
OF iENEAS. Edited by E. W. Howson, M. A., Fellow of King's 
College, Cambridge, and Assistant-Master at Haixow. 31. 

Xcnophon.— HELLENICA, BOOKS I. and II. Edited by 

R. H^ailStONE, B.A., kte Scholar of .Peterhonse, Cambridge. 

With Map. 4^. 6rf. 
CYROPiEDIA. BOOKS VIL and VIII. Edited by Alfred 

Goodwin, M.A., Prt^fcssor of Greek in UniveiBity College, 

London. 5^. 
MEMORABILLA. SOCRATIS. Edited by A. R. Clvbr, B.A., 

Balliol College, Oxford, ts, 
THE ANABASIS. BOOKS I.— IV. Edited by FrofeworsW. W. 

Goodwin and J. W. \VHiT». Adapted to Goodwin'? Greek 

Grainmar.. With a Map. 5^. 
HlEliC!). Introduction, Summaries, Critical knd Explanatory N^tes 

and Indices, and Critical Appendix. Edited by Rev. H. A. 

HoLDEi^, M.A., LL.D. Third Edition, revised. 3^. dd, 
OECONOMIfcUS. By the same Editor. With Inttwluction, 

ExplaBat6ry Notes, CHticol Ai^>eBdix, and Lexicon^ Fourth 

Edition* fa, 

*«« (Uhtr Vthtmu wUf follow, . 



(i) Texts, Edited with Introductiofis dnd Motes, 
l^r the use of Advanced Students. (2) Conimttjitaries 
and Translations. 
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^schylus.— THE EUMENIDES. The Greek T«tt, with 
Introduction, English Notes, and Verse Translation. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8vo. is, 
AGAMEMNON. Edited, with Introduction and I^otes, by A. W. 
Verrall, Litt.D. 8yo. {/n the press, 

AGAMEMNON, CHOEPHORCE, AND EUMENIDES. 
Edited, with Introduction and Notes, by A. O. Prickard, M.A.« 
Fellow and Tutor of New College, Oxford. 8vo. 

\In preparaium* 

THE "SEVEN AGAINST THEBES." Edited, with Intro- 
duction. Commentary, and Translation, by A. W. Verrall, 
LittD., Fellow of Trinity College, Cambridge. 8vo. ^s, 6d, 

THE SUPPLICES. A Revised Text, with Introduction, Critical 
Notes, Commentary and Translation. By T. G. Tucker, M.A., 
Fellow of St. John's College, Cambridge, and Professor of Classical 
Philology in the University of Melbourne. 8vo. [In the press, 

Antoninus, Marcus Aurelius. — BOOK IV. OF THE 

MEDITATIONS. The Text Revised, with Translation and 
Notes, by Hastings Crossley, M.A., Professor of Greek in 
Queen's College, Belfast. 8vo. 61. 

AristOtl(B.— THE METAPHYSICS. BOOK L Translated by 
a Cambridge Graduate. 8vo, 5^. 

THE POLITICS. Edited, after Susemihl, by R. D. Hicks, 
M.A., Fellow of Trinity College, Cambridge. 8vo. 

\In the press, 

THE POLITICS. Translated, with Analysis and Critical Notes, 
by Rev. J. E. C. Welldon, M.A., Fellow of King's College, 
Cambridge, and Head-Master of Harrow School. Second Edition, 
revised. Crown 8vo. ioj. &/. 

THE RHETORIC. Translated, with an Analysis and Critical 
Notes, by the same. Crown 8vo. 7j. 6</. 

THE ETHICS. Translated, with an Analysis and Critical Notes, 
by the same. Crown 8va \In preparation, 

AN INTRODUCTION TO ARISTOTLE'S RHETORIC. 
With Analysis, Notes, and Appendices. By E. M. Cope, Fellow 
and Tutor of Trinity College, Cambridge. 8vo. 14J. 

THE SOPHISTICI ELENCHL With Translation . and Notes 
by E. PoSTE, M.A., Fellow of Oriel College, Oxford. 8vo. %s, 6d. 

Aristophanes. — the BIRDS. Translated into English Verse, 
with Introduction, Notes, and Appendices, by B. H. Kennedy, 
D.D., Regius Professor of Greek in the University of Cambridge. 
Crown 8vo. 6s, Help Notes to the same, for the use of 
Students, is, 6d, 

Attic Orators.— FROM ANTIPHON TO ISAEOS. Bf 
R. C. Jebb, Litt.D., LL.D., Professor of Greek in the University 
of Glasgow. 2 vols. 8vo. 25^. • • - 
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BabriU8.-«-iEdited, with lotroductery Disaertations, Critical Notes, 
Commentary and Lexicon. By Rev. W. Gunion Rutherford 
M.A.jLL.D., Head-Master of Westminster. 8vo. 12s. 6d, ' 

Catullus SELECT POEMS. With Commentary lUustrative of 

Roman Social Life. By W. M. Ramsay, M.A., Professor of 
Latm m the University of Aberdeen. [In preparation. 

ClCerO.---THE ACADEMICA. The Text revised and explained 
by J. S. Reid, M.L., Litt.D., Fellow of Caius College; Cam- 
bridge. 8vo. l$s, 

THE ACADEMICS. Translated by J. S. Reid, M.L., LittD. 
ovo. 5j. 6d» 

SELECT LETTERS. After the Edition of Albert Watson, 
M.A. Translated by G. E. Jeans, M.A., Fellow of Hertford 
College, Oxford, and late Assistant-Master at Haileybury. Second 
Edition. Revised. Crown 8vo, loj. 6d, 

(See also Classical Series,) 

Euripides.— MEDEA. Edited, with Introduction and Notes, by 
A. W. Verrall, Litt.D. 8vo. ^s. 6d. 

IPHIGENIA IN AULIS. Edited, with Introduction and Notes, 
by E. B. Enoland, M.A. 8vo. [In preparatiotu 

INTRODUCTION TO THE STUDY OF EURIPIDES. By 
Professor J. P. Mahaffy. Fcap. 8vo. ij. 6</. (Classical tVriierf,) 

(See also Classical Series.) 

Herodotus.— BOOKS L— iil the ancient empires 

OF THE EAST. Edited, with Notes, Introductions, and Ap. 
pendices, by A. H. Sayce, Deputy- Professor of Comparative 
Philology, Oxford; Honorary LL.D., Dublin. Demy 8vo. i6j. 
BOOKS IV.— IX. Edited by Reginald W. Macan, M.A., 
Lecturer in Ancient History at Brasenose College, Oxford. 8vo. 

[In preparation* 
HERODOTUS. Translated with Introduction, Notes and Indices, 
by G. C. Macauuiy, M.A., formerly Fellow of Trinity College, 
Cambridge, and Assistant Master at Rugby. Crown 8vo. 

[In the press. 

Homer. — the ILIAD. Edited, with Introduction and English 

Notes, by Walter Leaf, Litt.D., late Fellow of Trinity College, 

Cambridge. 8vo. In Two Volumes. Vol. I. Books I.— XII. 14^. 

Vol. IL Books XIII.— XXIV. I4f. 

THE ILIAD. Translated into Ei^lish Prose. By Andrew 
Lang, M.A., Walter Leap, Litt.D., and Ernest Myers, 
M.A. Crown 8vo. I2s.6d, 

THE ODYSSEY. Done into English by S. H. Butcher, M.A., 
Professor of Greek in the University of Edinburgh, and Andrew 
Lang, M.A., late Fellow of Merton College, Oxford. Seventh 
and Cheaper Edition, revised and corrected. Crown 8vo. 6s, 

INTRODUCTION TO THE STUDY OF HOMER. By the 
Right Hon. W. E. Gladstone, M.P. i8mo. i^. {Literature 
Primers,) 
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Homer.— ftOMERlC mGTKWARY. tot Use in SclKobt w^ 
Colleges. Translated from the German of Dr. G. Autenrieth, 
with Additions and Corrections, by R. P. KEEP, tTi,P* Witk 
BUmerottd Illustrations. Crown 8to. 6s. 

(See also Ciassical SerUs,) 

Horace. — the works bF horacE rendered into 

ENGLISH prose. With Introductions, Running Analysis, 
Notes, &c. By J. Lonsdalb, M. A., and S. Lee, M.A. {Glebe 
Edition,) ys. 6d, 

STUDIES, LITERARY AND HISTORICAL, IN THE 
ODES OF HORACE. By A. W. Verrall, FelloW of Trinity 
College, Cambridge. Demy 8vo. %s, 6d. 

(See also Classical Siries. ) 

Juvenal.— THIRTEEN SATIRES OF JtJVENAL. Wkh a 
Commentary. By JottN E. B. Mayor, M.A., j^rofessor of Latin 
in the University of Cambridge. Crown Svo. 

\* Vol. I. Fourth Edition, Revised and Enlarged, ids, ^, 
Vol. II. Second Edition, ids. 6d. 

\* The new matter consists of an Introduction (pp. i — 5 3 J, Addi- 
tional Notes (pp. 333 — 466) and Index (pp. 467—526). It is also 
issued separately, as a Supplement to the previous edition, at p. 

THIRTEEN SATIRES. Translated info English after the Text 
of J. E. B. Mayor by Alexander Leeper, M.A,^ Warf«» 
of Trinity College, in the University t)f Melbourne.' towjllfiC 

(See also Classical Serif S*) 

Ktesias.— THE fragments of the peSSika of 

KTESIAS. Edited with Introductioa and Notes by John 
Gilmore, M.A: 8vo. 8j. 6d, - 

Livy. — BOOKS I.~IV. Translated by R»v. H. M. SxtiitfAj**^, 
M. A., late Head-Master of St. Peter's Schdol", York. 

[In pf^dtalion, 

BOOltS XXL— XXV. Translated by Alfred John Church^ 

M.A*, of Lincoln College, Oxford, Professor of Latin, Unlversl^ 

College, London, and WlLLlAK JacksoN BRdDRrBQ, M.A.^late 

FeHow of St. John's College, Cambridge. Cr, 8vo. 7^. 6cU 

INTRODUCTION TO THE STUDY OF LIVY. By Rev. 
W, W. Capes, R«Jad*r in Ancient History at Oxford. Pcap'. Jvo. 
u, 6d, {Classical Writers SetittJ) 

(See also Classical SiHis,) 

Martial.— BOOKfe I. and IL OF THE fePl6RAlVlS. Edited, 
with Irttroduction and Notes, l^y Professor J. E. B. Mayor, M.A. 
8vo. [In the press, 

(See also Classical Series.) 

Pduaanias.— DESCRIPTION OF GREECE. Translated by 
J. G. Frazer, M.A., Fellow of Trinity College, Cambridge. 

[In preparation. 
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Phrynichus.— THE NEW PARYNICHUS j being ft Revised 
Text of the Ecloga of the Gramnuuian Phryniclius. With Intro- 
duction and Commentary by Rev. W. GuNioN Rutherford, 
M.A.. LL.D., Head-Master of Westminster. 8vo. iSs. 

Pindar.— THE extant odes of PINDAR. Translated 
into English^ with an Introduction and short Notes, by Ernest 
MTERSy M.A.» late Fellow of Wadbam College, Oxford. Second 
Edition. Crown 8vo. 51. 

THE OLYMPIAN AND PYTHIAN ODES. Edited, with an 
Introductory Essay, Notes, and Indexes, by Basil Gildersleeve, 
Professor of Greek in the Johns Hopkins University, Baltimore. 
Crown 8vo. Js. 6d, 

Plato. — VViMDO, Edited, with Introduction, Notes, and Appen- 
dices, by R. D. Archer-Hind, M.A., Fellow of Trinity College. 
Cambridge. 8vo. 8f. 6d, 

TIMAEUS. — Edited, with Introduction, Notes, and a Translation, 

by thd same Editor. 8vo. 16^. 
PHiEDO. Edited, with Introduction and Notes, by W. D. GedDes, 

LL.D., Principal of the University of Aberdeen. Second Edition. 

Demy 8vo. 8j. 6d, 

THE REPUBLIC OF PLATO. Translated into English, with an 
Analysis and Notes, by J. Ll. Davies, M.A., and D. J. Vaughan, 
M.A. i8mo. 4J. 6d, 

EUTHYPHRO, APOLOGY, CRITO, AND PH^DO. Trans- 
lated by F. J. Church. i8mo. 41. 6d, 

PH^DRUS, LYSIS, AND PROTAGORAS. A New and 
Literal Translation, mainly from the text of Bekker. By J. 
Wright, M.A., Trinity College, Cambridge. iSoio. 4J. 6d. 

(See ako Classical Series.) 

PlautUS.— THE MOSTELLARIA OF PLAUTUS. With Notes, 
Prolegomena, and Excursus. By William Ramsay, M.A., 
formerly Professor of Humanity in the University of Glasgow. 
Edited by Professor Gkoroe G. Ramsay, M.A., of the University 
of Glasgow. 8vo. 14s. 

(See al*o Classical Series.) 

Pliny.— CORRESPONDENCE WITH TRAJAN. C. Plinii 
Caecilii Secundi Epistulae ad Traianum Imperatorem cum Eiusdem 
Responsis. Edited, with Notes and Introductory Essays, b/ 
E. G. Hardy, M.A., Fellow of Jesus College, Oxford, and for- 
merly Head Master of Grantham School. 8vo. los* 6d. 

t^olybius. — THE HISTORIES. Translated, with Introduction 
and Notes, by E. S. Shuckburgh, M.A. 2 vols. Crown 8vo. 

[In the press, 

SalluSt. — CATILINE AND JUGURTHA. Translated, with 

Introd'actory Essays, by A, W. Pollard, B.A. Crown 8vo. 6t, 

TH^ CATILINE (separately). Crown 8vo. y, 

(See also Cktssical Series.) 
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Sophocles.—CEDIPUS the king. Translated from die 
Greek of Sophocles into English Verse by E. D. A. Morshead, 
M.A., late Fellow of New College, Oxford; Assistant Master at 
Winchester College. Fcap. 8vo. 3/. 6d, 

Strachan and Wilkins. — ANALECTA. Passages for 
Translation. Selected by John S. Strachan, M.A., St. John's 
College, Cambridge, and A. S. Wilkins, Litt.D., LL.D., Fellow 
of Pembroke College, Cambridge, Professors in Owens College, 
Manchester. Crown 8vo, $s. 

Tacitus. — ^THE ANNALS. Edited, with Introductions and 
Notes, by G. O. Holbrooke, M.A., Professor of Latin in Trinity 
College, Hartford, U.S.A. With Maps. 8vo. i6j. 

THE ANNALS. Translated by A. J. Church, M.A., and W. J. 
Brodribb, M.A. With Notes and Maps. New Edition. Crown 
8vo, ^s, 6d. 

THE HISTORIES. Edited, with Introduction and Notes, by 
Rev. W. A. Spoon ER, M.A., Fellow of New College, and 
H. M. Spooner, M.A., formerly Fellow ef Magdalen Collide, 
Oxford. 8vo. ^ [In the ^ess, 

THE HISTORY. Translated by A. J. Church, M.A., and 
W. J. Brodribb, M.A. With Notes and a Map. Crown 8vo. 
6s, 

THE AGRICOLA AND GERMANY, WITH THE DIALOGUE 
ON ORATORY. Translated by A. J. Church, M.A., and 
W. J. Brodribb, M.A. With Notes and Maps. New and 
Revised Edition. Crown 8vo. 4^. 6d. 



INTRODUCTION TO THE STUDY OF TACITUS. By 
A. J. Church, M.A. and W. J. Brodribb, M.A. Fcap. 8vo. 
IS, id, {ClassiaU WriUrs Series,) 

Theocritus, Bion, and Moschus. Rendered into English 
Prose, with Introductory Essay, by A. Lang, M.A. i8mo. 4^. 6d, 

ThucydideS. — BQOK VIIL Edited with Introduction and 
Notes, by H. C. Goodhart, M.A., Fellow of Trinity 
College, Cambridge. [In preparation, 

Virgil.— THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running Analysis, 
and an Index, by James Lonsdale, M.A., and Samuel Lee, 
M.A. New Edition. Globe 8vo. 3^. 6d, 

THE iENEID. Translated by J. W. Mackail, M.A., Fellow of 
Balliol College, Oxford. Crown 8vo. 7j. 6d, 

Xenophon.— COMPLETE works. Translated, with Introduc- 
tion and Essays, by H. G. Dakyns, M.A., Assistant-Master in 
Clifton College. Four Volumes. Crown 8vo. [In the press. 



CLASSICAL PUBUCATIONS. if 

GRAMMAR, COMPOSITION, & PHILOLOGY. 

Belcher.— SHORT exercises in latin prose COM- 
POSITION AND EXAMINATION PAPERS IN LATIN 
grammar, to which is prefixed a Chapter on Analysis of 
Sentences. By the Rev. H. Belcher, M.A., Rector of the H^ 
School, Dunedin, N.Z. New Edition. i8mo. is. 6d, 

KEY TO THE ABOVE (for Teachers only). 3j. 6d. 

SHORT EXERCISES IN LATIN PROSE COMPOSITION. 
Part 11. , On the Syntax of Sentences, with an Appendix, inclad* 
ing EXERCISES IN LATIN IDIOMS, &c. i8mo. 2j. 

KEY TO THE ABOVE (for Teachers only), y. 

Blackie.— GREEK AND ENGLISH DIALOGUES FOR USE 
IN SCHOOLS AND COLLEGES. By John Stuart Blackie, 
Emeritus Professor of Greek in the University of Edinburgh. 
New Edition. Fcap. 8vo. 2s. 6d. 

Bryans.— LATIN prose exercises based upon 

CAESAR'S GALLIC WAR. With a Classification of Caesar's 
Chief Phrases and Grammatical Notes on Caesar's Usages. By 
Clement Bryans, M.A., Assistant-Master in Dulwich College. 
Second Edition, Revised and Enlarged. Extra fcap. Svo. 2s, 6d, 

KEY TO THE ABOVE (for Teachers only). New Edition. 4^. 6^. 

GREEK PROSE EXERCISES based upon Thucydides. By the 
same Author. Extra fcap. Svo. [In pt eparation, 

Cookson. — A LATIN SYNTAX. By Christopher Cookson, 
M.A., Assistant- Master at S. Paul's School. Svo. [In preparatiou, 

Eickc,— FIRST LESSONS IN LATIN. By K. M. Eicke, B.A., 
Assistant-Master in Oundle School. Globe Svo. 2s. 

England— EXERCISES on latin syntax and idiom. 

ARRANGED WITH REFERENCE TO ROBY'S SCHOOL 
latin GRAMMAR. By E. B. England, M.A., Assistant 
Lecturer at the Owens College, Manchester. Crown Svo. 2s, 6d, 
Key for Teachers only, 2s, Si, 

Giles.— A MANUAL OF GREEK AND LATIN PHILOLOGY. 

By P. Giles, M.A., Fellow of Gonville and Caius College, 

Cambridge. Crown Svo. [In preparation. 

Goodwin. — Works by W. W. Goodwin, LL.D., Professor of 

Greek in Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OF THE GREEK 

VERB. New Edition, Revised and Enlarged. Svo. [In the press. 

A GREEK GRAMMAR. New Edition, revised. Crown Svo. 6j. 

**It is the best Greek Grammar of its site in the English language."— 

ATMBNiCUM. 

A GREEK GRAMMAR FOR SCHOOLS. Crown Svo. 3^. 6</. 

Greenwood.— THE elements of greek Grammar, 

including Accidence, Irregular Verbs, and Principles of Deriva- 
tion and Composition; adapted to the S)rstem of Crude Forms. 
By J. G. Greenwood, Principal of Owens College, Manchester. 
New Edition. Crown Svo. 5^. 6</. 
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.Hftdlejr and Allen.— a ORftEK t^RAJtfp^Xl^ tm, 

SCHOOLS AND COLLEGES. By Jamks Haplby, If^ 
Professor in Yale College. Revised and in part Rewritten by 
Frederic de Forest Allen, Professor in Harvard Collie. 
Crown 8vo. 6s. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFJCATION. 

A brief Sketch of the Fables of the Ancients, prepared tO' be 
rendered into Latin Verse for Schools. By F. HoDGpON, B.D., 
late Provost of Eton, New Edition, revised by F. C. Hodgson, 
M.A. iSmo. 3/. 

Jackson.— FIRST steps TO GREEK PROSE COMPOSI- 
TION. By Blomfield Jackson, M.A., Assistant-Aia^er m 
King's College School, London. New Edition, revised and 
enlarged. i8mo. is, 6d, 
KEY TO FIRST STEPS (for Teacliers only). i8mo. 3/. 6d, 
SECOND STEPS TO GREEK PROSE COMPOSITION, wiA 
Miscellaneous Idioms, Aids to Accentuation, and Examination 
Papers in Greek Scholarship. iSmo. zs. 6cl. 
KEY TO SECOND STEPS (for Teachers only). iSmo. 3^. 6d. 

Kynaston.— EXERCISES in the composition of 

GREEK IAMBIC VERSE by Translations from English Dra- 
matists. By Rev. H. Kynaston, D.D., Principal of Cheltenham 
College. With Introduction, Vocabulary, &c. New Edition, 
revised and enlarged. Extra icap. ^wo* 5* . 

KEY TO THE SAME (for Teachers only). Extra fcap^ 8vo. 4s. 6d, 

LuptOn. — Works by J. H. LuPTON, M.A,, Sur-Master of St. P4^s 

School, ^nd formerly Fellow of St. John's College, Cambridge. 

AN INTRODUCTION TO LATIN ELEGIAC Vt^^ 
COMPOSITION. Globe 8vo. 2s.6d, 
LATIN RENDERING OF THE EXERCISES IN PART II. 
(XXV. -C). Globe 8vo. 3^. 6d. 

AN INTRODUCTION TO LATIN LYRIC VERSE COMPO- 
SITION. Globe 8vo. 3^. 

KEY FOR THE USE OF TEACHERS ONLY. Qlobe 8vo. 
4J. 6d, 

Mackie.— PARALLEL PASSAGIES FOR TR4.NSLATION 
INTO GREfeK AND ENGLISH. Carefully gra4Mated for the 
use of Colleges and Schools. With Indexes. By R^v* Ellis C. 
Mackie, Classical Master at Heversham Grammar School, Globe 
8vo. 4f. 6d, 

MacmiUan. — first latin grammar. By m. c. mac- 

millan, M.A., late Scholar of Christ's College, Cambridge; 
sometime Asdstant-Master in St. Panfs School. I^ew Edition, 
enlargecU Fcap. 8vo. is. 6d. 

■Macmillan's Greek Course.— Edited by Rev. W. Gunion 
Rutherford, M.A., LL.D., Head Master of Westminster. 

• I.— FIRST GREEK GRAMMAR. By the Editor. New Edition, 
thoroughly revised. Globe 8vo. 2s. 
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**^T21fE'*EK AC^rmFN?^^^^^ EXERCISES 

A .• L. rS^* cF^P^,^^5 ^y ^' ^' Underhill, M.A.. 
Assistant-Master St. .Paul's Preparatory School. Globe 8vo 2j 
IIL-SECOND GREEK EXERCISE BOOK. ByR^r. w! 

IV.^MANUAL OF GREEK ACCIDENCE. By^^h^Edl!^' 
V.-MANUAL OF GREEK SYNTAX. By thf ^S^r!'^^''' 

VI -ELEMENTARY GREEK COMPOSITIoSf '^^'t^e 
Editor, Un preparation. 

Macmillan s Greek Reader.-STORIES and legends. 

A First Greek Reader, with Notes, Vocabulary, and Exercises. 
By F. H* COLSON, M. A., late Fellow of St. John's CoUege, Cam- 
bnd^ ; Head Master of Plymouth College. Globe 8vo. 3^ 

Macmillan's Latin Course, first year. By a. m. 

Cook, M.A., Assistant-Master at St. Paul's School New Edition, 
revised and enlarged. Globe 8vo. 3^. (id, 

♦,* The SrecndPart is in preparaHon, 

Macmillan's Latin Reader.— a latin reader for 

THE LOWER FORMS IN SCHOOLS. By H. J. Hardy, 
M.A., Assistant Master in Winchester College. Globe 8vo. zr. 6</. 

Macmillan's Shorter Latin Course. By A. M. Cook, 

M.A., Assistant-Master at St. Paul's School. Being an abridgment 
of ** Macmillan's Latin Course," First Year. Globe 8vo. Is. 6d. 
Marshall.— A table OF IRREGULAR GREEK VERBS, 
classified according to the arrangement of Curtius*s Greek Grammar, 
By J. M. Marshall, M.A., Head Master of the Grammar 
School, Durham. New Edition. 8vo. is. 

Mayor (John E. B.)— first greek reader. Edited 

after Karl Halm» with Corrections and large Additions by Pro- 
fessor John E. B. Mayor, M.A., Fellow of St. John's College, 
Cambridge. New Edition, revised. Fcap. 8vo. 4J. 6d. 

Mayor (Joseph B.)— GREEK for beginners. By the 

Rev. J. B. Mayor, M.A., Professor of Classical Literature in 
King's College, London. Part I., with Vocabulary, is. 6d. 
Parts II. and III., with Vocabulary and Index, ^j. 6d, Complete 
in one Vol* fcap. 8vo, 4J. 6d. 

Nixon. — PARALLEL EXTRACTS, Anranged for Translation into 
Engli^ and Latin, with Notes on Idioms. By J. E, Nixon, 
M.A., Fellow and Classical Lecturer, King's College, Cambridge. 
Part I. — Historical and Epistolary. New Edition, revised and 
enlarged. Crown 8vo. 3^. 6d. 

' t>ROSE feXTRAC^^rAwangfid-fbr Transldtion into English and 
Latin, wiUi Genial sttid Social Prefaces on Style aad Idiom. 
I. Oratoricali II. ttistotical; III. Philosophical and Miscella- 
neous By the Samd Authiot. • Ccown 8vo.- 3^. 6d. 
*»* Translations ofSehct Pasiet^s supplied by Author onfy, 
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Peile.— A PRIMER OF PHILOLOGY, By J. Peile, LittD., 
Master of Christ's College^ Cambridge. l8mo. is, 

Postgate.— SERMO LATINUS. A Short Guide to Latin 
Prose Composition. Part I. Introduction. Part II. Selected 
Passages for Translation. By J. P. Postgate, M.A., Litt. D., 
Fellow and Classical Lecturer of Trinity College, Cambridge, 
Professor of Comparative Philology in University College, I^ondon. 
Globe 8vo. 2S, (xi, 
KEY to ditto, y. 6iL [Nearly ready, 

Postgate and Vince.— a dictionary of latin 

ETYMOLOGY. By J. P. Postgate, M.A., and C. A. Vince, 
M.A. {In preparation. 

Potts (A. W.)— Works by Alexander W. Potts, M.A., 
LL.D., late Fellow of St. John's Collage, Cambridge; Head 
Master of the Fettes College, Edinburgh. 

HINTS TOWARDS LATIN PROSE COMPOSITION. New 
Edition. Extra fbap. 8vo, 3^. 

PASSAGES FOR TRANSLATION INTO LATIN PROSE. 
Edited with Notes and References to the above. New Edition. 
Extra fcap. 8vo. 25, (xi, 

LATIN VERSIONS OF PASSAGES FOR TRANSLATION 
INTO LATIN PROSE (for Teachers only). 2y. ()d. 

Preston.— EXERCISES IN LATIN VERSE OF VARIOUS 
KINDS. By Rev. G. Preston, M.A., late Fellow of Magdalene 
College, Cambridge, and Head Master of the King's School, 
Chester. Globe 8vo. 2J. 6f/. 
KEY, for the use of Teachers only. Globe 8vo. 5^. 

Rcid.— A GRAMMAR OF TACITUS. By J. S. Reid, M.L., 
Fellow of Caius College, Cambridge. \In preparation, 

A GRAMMAR OF VERGIL. By the same Author. 

[In preparation* 
\* Similar Grammars to other Classical Authors will probably follauf, 

Roby.— A GRAMMAR OF THE LATIN LANGUAGE, from 
Plautus to Suetonius. By H. J. Roby, M.A., late Fellow of St. 
John's College, Cambridge. In Two Parts. Part I. Fifth 
Edition, containing: — Book I. Sounds. Book IJ., Inflexions. 
Book III. Word-formation. Appendices. Crown 8vo. 91. 
Part II. Syntax, Prepositions, &c. Crown 8vo. los. 6d, 
'* Marked by tlie clear and practised insight of a master in bis art. A book that 

would do honour to any country." — ArKKHMUVi. 

SCHOOL LATIN GRAMMAR. By the «ame Author. Cr. 8vo. Sj. 

Rush.— SYNTHETIC LATIN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. Moulton, M. A., D.D, New 
and Enlarge^ Editioi^. Extnt fcap. 8vo. 2s, 6/, 
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Rast — FIRST STEPS TO LATIN PROSK COMPOSITION. 
By the Rev. G. RtrsT, M.A., of Pembroke College, Oxford, 
Master of the Lower Sch-x)l, King's College, London. New 
£dition. i8mo. ir. 6d. 

KEY TO THE ABOVE, By W. M. Yates, Assistant-Master in 
the High SchoDl, Sale. i8mo. 3^. 6d. 

Rutherford. — Works by the Rev. W. GuNioN Rutherford, 

M.A., LL.D., Head -Master of Westminster. 
REX LEX. A Short Digest of the principal Relations between 

Latin, Greek, and Anglo-Saxon Sounds. 8vo. [^In prfpara'um. 
THE NEW PHRYNICHUS ; being a Revised Text of the 

Ecloga of the Grammarian Phrynichus. With Introduction and 

Commentary. 8vo. i8t. (See also Macmillan's Greek Counse. ) 

Simpson.— LATIN PROSE AFTER THE BEST AUTHORS. 
By F. P. Simpson, B.A., late Scholar of Balliol College, Oxford. 
Part I. CiESARIAN PROSE. Extra fcap. 8vo. 2s. 6d. 

KEY TO THE ABOVE, for Teachers only. Extra fcap. 8vo. 5^. 

Thring. — Works by the Rev. E. Thring, M. A., late Head-Master 

of Uppingham School. 
A LATIN GRADUAL. A First Latin Construing Book for 

Beginners. New Edition, enlarged, with Coloured Sentence 

I^IaDS Fcao 8vo 2s 6'f» 
A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. is. 6d. 

Welch and DufBeld. — latin accidence and exer- 
cises ARRANGED FOR BEGINNERS. By William 
Welch, M.A., and C. G. Duffirld, M.A., Assistant Masters at 
Cranleigh School. i8mo. is. 6d. 
This book is intended as an introduction to Macmillan's EUmenfaty 
Classics^ and is the development of a plan which has been in use 
for some time and has been worked satisfactorily. 

White.— FIRST LESSONS IN GREEK. Adapted to GOOD- 
WIN'S GREEK GRAMMAR, and designed as an introduction 
to the ANABASIS OF XENOPHON. By John Williams 
White, Ph.D., Assistant- Professor of Greek in Harvard Univer- 
sity. Crown 8vo. 4J. 6d. 

Wright. — ^Works by J. WriGht, M.A., late Head Master of 

Sutton Coldfield School. 
A HELP TO LATIN GRAMMAR ; or, The Forai and Use of 

Words in Latin, v?ith Progressive Exercises. Crown 8vo. 4^. 6 /. 
THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 

from the First Book of Livy by the omission of Difficult Passages ; 

being a First Latin Reading Book, with Grammatical Notes ani 

Vocabulary. New 4t<d revised Edition. Fcap. 8vo. ^s. 6d. 
FIRST LATIN STEPS; OR, AN INTRODUCTION BY A 

SERIES OF EXAMPLES TO THE STUDY OF THE LATIN 

LANGUAGE. Crown 8 vo. 3J. 
ATTTC primer. Arranged for the Use of Beginners. Extra 

fcap. Svo. 2J. 6d, 
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Wright.— A COMPLETE LATIN COURSE, compritiBg Rules 
with Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown Svo. zr. 6^. 



ANTIQUITIES, ANCIENT HISTORY, AND 

PHILOSOPHY. 

Arnold. — Works by W. T. Arnold, M. A. 
A HANDBOOK OF LATIN EPIGRAPHY. [In preparaUon, 
THE ROMAN SYSTEM OF PROVINCIAL ADMINISTRA- 
TION TO THE ACCESSION OF CONSTANTINE THE 
GREAT. Crown Svo. dr. 

Arnold (T.>— the second PUNIC war. Being chapters on 
THE HISTORY OF ROME. By the late Thomas Arnold, 
D.D., formerly Head-Master of Rugby School, and Regius Professor 
of Modem History in the University of Oxford. Edited, with Notes, 
by W. T. Arnold, M. A. With 8 Maps. Crown 8vo. &. drf. 

Beesly.— STORIES from the history of rome. 

By Mrs. Bessly. Fcap. Svo. 2s, 6d, 

Burn.— ROMAN literature in relation to ROMAN 
ART. By Rev. Robert Burn, M.A., Fellow of Trinity College, 
Cambridge. With numerous Illustrations. Extra Crown Svo. i^r. 

Bury. — A HISTORY OF THE LATER ROMAN EMPIRK 
FROM ARCADIUS TO IRENE, A.D. 395—800. By John 
B. Bury, M.A., Fellow of Trinity CoU^e, Dublia. 2 vols. 
Svo. [Skortfy, 

Classical Writers. — Edited by John RichardGreen, M.A., 
LL.D. Fcap. Svo. u. 6d, each. 
EURIPIDES. By Professor Mahaffy. 
MILTON. By the Rev. Stopford A. Brooks, M.A. 
LIVY. By the Rev. W. W. Capes, M.A. 
VIRGIL. By Professor Nettleship, M.A. 
SOPHOCLES. By Professor L, Campbell, M.A. 
DEMOSTHENES. By Professor S. H. Butcher, M.A. 
TACITUS. By Professor A. J. Church, M.A.^ and W, J» 
Brodribs, M.A. 
Freeman. — Works bjr Edward A. Freeman, D.C.L., LL.D., 
Hon. Fellow of Trinity College, Oxford, Regius Professor of 
Modem History in the University of Oxford. 
HISTORY OF ROME. (Historical Course for Schools,) iSmo. 

[In preparcUion. 
A SCHOOL HISTORY OF ROME. Crown Svo. 

[In pr^araH(m* 
HISTORICAL ESSAYS. Second Series. [Greek and Roman 
History.] Svo. loj. 6</. 

Fyffe.— A SCHOOL HISTORY OF GREECE. By C. A. 
FyfPE, M.A. Crown Svo. [In prepanUion, 
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Gardner.— SAMOS and SAMIAN coins. An Essay. Bf 
Percy Gardner, M.A., LittD., Piofessor of Archaeolop in 
the University of Oxford. With Illustrations. 8vo. Js. 6a. 

Geddes, — the problem of the Homeric poems. 

By W. p. Gepd^s, Principal of the University of Aberdeen. 
8vo. 145. 

Qladstone. — Works bj the Rt. Hon. W. B. Gladstone, M.P. 
the time and place of homer. Crown 8vo. 6s, 6d. 
A PRIMER OP HOMER. iSmo. li. 

GOW.— A COMPANION TO SCHOOL CLASSICS. By 
James Gow, Litt.D., Master of the High School, Nottingham ; 
late Fallow of Trinity CoUage» Cambridge. With lUutmikini^. 
Second Edition* Revised. Cvown Svo. 6s. 

Harrison and Verrall. — cults and monuments 

OF ANCIENT ATHENS. By Miss J. E. Harrison and Mrs. 
A. W. Verrall. Illustrated. Crown 8vo. [/« the press. 

Jebb. — Works by R. C. Iebb, Litt.D,, LL.D., Professor of Greek 
in the Universitj^i of Ola4g<^- 

THE ATTIC ORATORS FRQM ANTIP«ON TO I§AEOS. 
sitofe. 8vo. 2$s. 

A PRIMBR CMP OftEEK LKTKRATtJRE. t^mo. ts. 

fSce abo Chssicai Series,) 

Kiepejt.— M^UAL OF ANCIENT GEOGRAPHY^ Trans- 
lafetf frbiA tne Gef ihafi of Dr. HeiNrich Kiepert. Grown 8ra. 5j. 

t,^|^(?i^l|i.— ANCISNT ROME IN THE HQHT QF RECEHTt 
DISCO¥ERIES. By Rodolfo Lanciani, LL.D. (IXarv.), 
Professor of Archaeology in the University of Rome, Director of 
Excavations ^ the National Qovermnent aad the Municipality of 
Rome, i^. With loo Illustrations. Small 4to. 24^. 

Htfi^hafl^,— Works by T. P, Mahaffy, M.A,, D.D.. Fellow and 
Professor of Ancient History in Trinity College, Dubfin, and Hon. 
Fellow of Queen's College, Oxford. 

SOCIAL }-}^^ ^^ GREECE; from ((omor to MenAwier. 

Fi^tl^ Edition, revised and enlarged* Crown Svo. 9^. 
GREEK LIFE AND THOUGHT ; from the Age a£ Atexandier 

tq the Roimanr Co^^est. Crown 8vo. ^2s* ,6^. 
R^MisLES AI^D STUDIES IN GREECE. With Illnstr^ions. 

Third Edition^ Revised and Enlarged. With Map. Crown 8vo. 

\QS., ^, 

A PRIMER) OF GREEK ANTIQUITIES* With Ifiustaratxuxtii. 
EURIP1D£S. f8mo. ts. M. {CAmical WriUrs Series.} 

Mayor* (J. E. fe.)— bibliographical clue to latin 

LITERAtUKE. Edited after H19BNER, witb large Additionrf 
by Pwfessor John E. B. Mayor. Crowii 2hfo. lox. 6d, 
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Newton.— ESSAYS IN ART AND ARCH^^iOLOGY. By Sir 
Charles Newton, K.C.B., D.C.L., formerly Professor of 
Archaeology in University College, London, and Keeper of Greek 
and Roman Antiquities at the British Miiseam* Svo. I2j. 6d. 

Sayce.— THE ancient empires of THE EAST. By 
A. H. Sayce, Deputy-Professor of Comparative Philosophy, 
Oxford, Hon. LL.D. Diiblin. Crown Svo. 6s. 

Stewart.— THE tale of troy. Done into English by 
Aubrey Stewart, M.A., late Fellow of Trinity College, 
Cambridge. Globe Svo. 3j. 6d. 

WilkinS.— A PRIMER OF ROMAN ANTIQUITIES. By 
Professor Wilkins, Litt. D., LL.D. Illustrated. tSmo. I/. 
A PRIMER OF LATIN LITERATURE. By the same Author. 

[In freparatum. 



MATHEMATICS. 

(i) Arithmetic and Mensuration, (2) Algebra, 
(3) Euclid and Elementary Geometry, {4) Trigo- 
nometry, (5) Higher Mathematics. 

ARITHMETIC AND MENSURATION. 

Aldis.— THE GREAT GIANT ARITHMOS. A most Elementary 
Arithmetic for Children. By Mary Steadman Aldis. With 
IllustrationR. Globe Svo. 2J. 6</, 

Army Preliminary Examination, Specimens of 

Papers Set at the, 1882— 87.— with Answere to the 
Mathematical Questions. Subjects x Arithmetic, Algebra, Euclid, 
Geometrical Drawing, Geography, French, English Dictation. 
Crown Svo. 35. 6</. 
This selection of papers at recetit Preliminary Examinations ibr the 

admission to the Army are intended for the ose of Candidates preparing 

for these Examinations. 

Bradshaw.— A COURSE OF EASY ARITHMETICAL EX- 
AMPLES FOR BEGINNERS. By J. G. Bradshaw, B.A., 
formerly Scholar of Jesas College, Cambridge, Assistant Master 
at Clifton College. Globe Svo. 2j. With Answers, 2J.6*/. 

BrOOk-Smith (J.).— ARITHMETIC in THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LUR, St. John's 
College, Cambridge; Barrister-at-Law ; one of the Masters of 
Cheltenham College. New Edition, revised. Crown Svo. 4J. 6d» 

Candler.— HELP TO arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematical Master of 
Uppingham School. Second Edition. Extra fcap. Svo. 2j. 6</. 



MATHEMATICS. 2^ 

Dalton.— RULES and examples in arithmetic. By 

tlie Rev. T. Dalton, M.A., Assistant-Master in Eton College. 
New Edition, with Answers. i8mo. 2s. 6d, 

Goyen.— HIGHER arithmetic and elementary 

MENSURATION. By P. Goyen, Inspector of Schools, 
Dunedin, New Zealand. Crown 8vo. $5. 

Hall and Knight.— arithmetical exercises and 

EXAMINATION PAPERS. With an Appendix containing 
Questions in Logarithms and Mensuration. By H. S. Hall, 
M.A., formerly Sdiolar of Christ's College, Cambridge, Master 
of the Military and Engineering Side, Clifton College ; and S. R. 
Knight, B.A., formerly Scholar of Trinity College, Cambridge, 
late Assistant Master at Marlborough College, Authors of 
"Elementary Algebra," "Algebraical Exercises and Examination 
Papers," and "Higher Algebra," &c. Globe 8vo. 2j. 6d, 

Lock. — Works by Rev. J. B. Lock, M. A., Senior Fellow, Assistant 
Tutor, and Lecturer in Gonville and Caius College, Cambridge, 
formerly Master at Eton. 

ARITHMETIC FOR SCHOOLS. With Answers and looo 
additional Examples for Exercise. Third Edition, revised. Stereo- 
typed. Globe 8vo. 4s. 6ci, Or in Two Parts : — Part I. Up to 
and including Practice. Globe 8vo. 7s. Part 11. With 1000 
additional Examples for Exercise. Globe 8vo. 3^. 

*^* 77ie complete book and the Parts can also be obtained without 
answers at the same price. But the editions with answers will always 
be supplied unless the others are specially asked for, 

A KEY TO MR. LOCK'S "ARITHMETIC FOR SCHOOLS." 
By the Rev. R. G. Watson, M.A., formerly Head Master of the 
Dorset County School. Crown 8vo. lor. 6</. 

ARITHMETIC FOR BEGINNERS. A School Class Book of 
Commercial Arithmetic. Globe 8vo. 2r. 6d, 

[A Key is in the press, 

Pcdley.— EXERCLSES IN ARITHMETIC for the Use of 
Scboob. Containing more than 7,000 original Examples. By 
S. Pedley, late: of Tamworth Grammar School. Crown 8vo. 5^. 
Also in Two Parts 2s, 6d, each. 

Smith. — Works by the Rev. Barnard Smith, M.A., late Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. Peter's 
CoUeige, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation; with numerous systematically arranged Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B. A. Degree. New Edition, 
carefully Revised. Crown 8vo. los. 6d. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 

A "^KEY TO THE ARITHMETIC FOR SCHOOLS. New 
Edition. Crown 8vo, 8x. 6d, 
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Smith.— EXERCISES IN ARITHMETIC. Crown 8vo, liriiil' 
doth, 2s, With Answers, 2s, 6d, Answers separately, 6^. 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, cloth. 3^,.^ 
Or sold separately, in Three Parts, IJ*. tich. ' -* 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and III., 2s. 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR KATIOHaW 
AND ELEMENTARY SCHOOLS. i8|n<v cloth* Or aeparately. 
Part I. 2d. ', Part II. yi, ; Part III. 7^ Anawors, 6d^ 

THE SAME, with Answers complete. i$mo, cloth, r^. 6a^. 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo! 4^. ed. 

EXAMINATION PAPERS IN ARITHMETIC, i8mo. ix. 6d. 
The same, with Answers, i8mo, 2s. Answei-s, 6d, 

KEY TO EXAMINATION pApERS IN ARITHMETIC 

i8mo. 4^. 6d, 

THE METRIC SYSTEM OF AjlITHMETIC, ITS PRlN-' 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V. in National Schools. Kpw 
Edition. i8mo, cloth, sewed, '^d, 

A CHART OF THE METRIC SYSTEM, on a She^t, size 4JS in. 

by 34 in. on Roller, mounted and varnished. New Edition. 

Price 3j. 6d. 
Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHME^TIC, combining Exercises in 
Reading, Writing, Spelling, and Dictation. Part I. for Standard 
I. in National Schools. Crown 8vc. gd. 

EXAMINATION CARDS IN ARITHMETIC (Dedicated to 

Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, Is. Standards III., IV., and V^.in 

boxes, IS, each. Standard VI. in Two Parts, in boxes, is. ei^ch. 

A and B papers, of nearly the same difficnlty; are given so as 10 

prevent copying, and fhe colours of the A and B papers differ in each 

Standard, and from those of every oth^ Standard* S^oi tfa^t a ^t^^titSdt^M 

mistress can see at a glance whetheir the childreo, h4vf) thtt profttc ]^ers. 

Todhunten— MENSURATION FOR JIEGINNEKS. lAy I. 
ToDHUNTER, M.A., F.R.S., D.Sc., late of St. ]ohn% Toltege. 
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Cambridge. With Examples, l^ew Ediitiop. sSmpu %s, 6at 
KEY TO MENSURATION FOR BEGINNERS. By.flie Rev. 
Fr. Lawrence McCarthy, Professor .of M*&eiltt^ticsi ia* St. 
Peter's College^ Agifa. Grown 8«o. fs,-^* 



ALGEBRA. 

Dalton.— Rules and examples ik algebha. By the 

Slev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8aio. 3r. Part II, i^irp. '2s. 6d, 
\* A Key to Part L for Teachers otdy^ p^ 6d. 
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Hall and . Knight.— Works by H. S. Hall, M.A., 
formerly Scholar of Christ's Coll^;e, Cambridge, Master of the 
.Military and Ens^e^ring Side, Clifton CoU^e ; and S. K. 
Knight, B.A., formerly Scholar of Trinity College, Cambridge, 
late Assistant-Master at Marlborough College. 

ELEMENTARY ALGEBRA FOR SCHOOLS. Fifth Edition, 

Revised and Corrected. Globe 8vo, bound in maroon coloured 

. cloth, 3^. 6d. ; with Answers, bound in green coloured cloth, 4s. 6d. 

ALGEBRAICAL EXERCISES and EXAMINATION PAPERS. 
To accompany ELEMENTARY ALGEBRA. Second Edition, 
revised* Globe 8vo. ax. 6d?. 

HIGHER ALGEBRA. A Sequel to "ELEMENTARY AL- 
GEBRA FOR SCHOOLS." Seoottd Edition. Crown 8vo. 7 j. 60^. 

Jones and Cheyne. — ^algebraical exercises. Pro- 
gressively Arranged. By the Rev. C. A. Jones, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. i8mo. 2s. 6d, 
SOLUTIONS AND HINTS FOR THE SOLUTION OF SOME 
OF THE EXAMPLES IN THE ALGEBRAICAL EXER- 
CISES OF MESSRS. JONES AND CHEYNE. By Rev. W. 
Failes, M.A., Mathematical Master at Westminster School, late 
Scholar of Trinity College, Cambridge. Crown 8vo. *js. 6d. 

Smith (Barnafd).-.ARITHMETIC AND ALGEBRA, in their 
Principles and Application ; with numerous systematically arranged 
Examples taken from the Cambridge Examination Papers, with 
especial reference to the Ordinary Examination for the B. A. Degree. 
By the Rev. Barnard Smith, M. A., late Rector of Glaston, Kut- 
kind, and Fellow and Senior Bursar of St. Peter's College, Cam- 
bridge. New Edition, carefully Revised. Crown 8vo. I<w. 6d. 

Smith (Charles).—- Works by Charles Smith, M.A., Fellow 
and Tutor of Sidney Sussex College, Cambridge. 

ELEMENTARY ALGEBRA. Globe 8vo. +r. 6d. 

In this work the author has eodeavoured to explain the prmci]p»les of A^ebra in ik£ 
smnple a manner as possible for the benenc of heginners, bestowing great icare upon' 
tlit'«xplanalions and proo& of the fundamental operations and rules. 

A TREATISE ON ALGEBRA. Crown 8vo. 7^. 6d, 
SOLUTIONS OF THE EXAMPLES IN "A TREATISE ON 
ALGEBRA.'* Crown 8vo. los. 6d. 

Todhunten — Works by L Todhunter, M.A., F.R.S., D.Sc, 
laie of St. John's College, Cambridge. 
"Mr. Todlmnteris chiefly knowii to Students of Mathematijcs as the author of a 
series of admirable mathematical text-books, which possess the rare qualitieaof being 
clear in style and absolutely free from mistakes, typographical or other."-*'SATUR£tA^ 

ICSVIlCW. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 

New Edition. i8mo. aif. 6d, 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6t. 6^' 
ALGEBRA. For the Use of Colleges and Schools. New Edition. 

Crown 8vo. fs. 6d, 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 

SCHOOLS. Crown 8vo. lot. 6(L 
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EUCLID, & ELEMENTARY GEOMETRY. 

Constable.— GEOMETRICAL EXERCISES FOR BE. 
GINNERS. By Samuel Constable. Crown 8vo. 3*. 6</. 

Cuthbertson.— EUCLIDIAN geometry. By Francis 
CUTHBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fcap. 8vo. 4s. 6d. 

Dodgson. — Works by Charles L. Dodgson, M.A., Student and 
late Mathematical lecturer of Christ Church, Oxford. 

EUCLID. BOOKS I. and II. Sixth Edition, with words sub- 
stituted for the Algebraical Symbols used in the First Edition. 
Crown 8vo. 2s, 

%* The text of this Edition has been ascertained, by counting the words, to b« 
less than five-sevenths of that contained in the ordinary editions. 

EUCLID AND HIS MODERN RIVALS. Second Edition. 
Crown 8vo. df. 

CURIOSA MATHEMATICA. Part L A New Theory of 
Parallels. Crown 8vo. 2J. 

Dupuis.— ELEMENTARY SYNTHETIC GEOMETRY OF 
THE POINT, LINE AND CIRCLE IN THE PLANE. 
ByN. F. Dupuis, M.A., F.R.S.C, Professor of Pure Mathe- 
matics in the University of Queen's College, Kingston, Canada. 
Globe 8vo. 4f. 6</. 

Eagles.— CONSTRUCTIVE GEOMETRY OF PLANE 
CURVES. By T. H, Eagles, M,A., Instructor in Geometrical 
Drawing, and Lecturer in Architecture at the Royal Indian En- 
gineering College, Cooper's Hill. With numerous Examples. 
Crown 8vo. lis. 

Hall and Stevens. — A text book OF EUCLID'S 

ELEMENTS. Including al^mative Proofs, together with additional 
Theorems and Exercises, classified and arranged. By H. S. 
Hall, M.A., formerly Scholar of Christ's College, Cambridge, 
and F. H. Stevens, M.A., formerly Scholar of Queen's College, 
Oxford : Masters of the Military and Engineering Side, Clifton 
College. Globe 8vo. Books I.— VI. 4J. td. Or in Parts. 
Book I. IS. .Books I. and II. Second Edition. Zs, Books 
L-IV. 2J. 6^. Books III.— VL 3J. 

Halsted.— -THE elements of geometry. By George 
Bruce Halsted, Professor of Pure and Applied Mathematics 
in the University of Texas. 8vo. I2s. 6d, 

Kitchener. — a geometrical note-book, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Scho)ls. By F. E. Kitchener, 
?'.A., Head-Mas*er of the Grammar School, Newcastle, Stafford- 
shire. New Fxlition. 4to. 2x, 
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Lock.— EUCLID FOR BEGINNERS. Beinj; an Introduction 
to existing Text-books. By Rev. J. B. Lock, M.A., author 
of ** Arithmetic for Schools," "Trigonometry," "Dynamics," 
"Elementary Statics," &c. \In preparation, 

Mault.— NATURAL GEOMETRY: an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. \s. 
Models to Illustrate the above, in Box, 12/. dd. 

Millar. — ELEMENTS OF DESCRIPTIVE GEOMETRY. By 
J. B. Millar, M. E., Civil Engineer, Lecturer on Engineering in 
the Victoria University, Manchester. Second Edition. Cr. 8vo. 6j. 

Stevens. — Works by F.H. Stevens, M. A., formerly Scholar of 
Queen's College, Cambridge, Master of the Military and Engineer- 
ing side, Clifton College. 

EUCLID. BOOK XI. Propositions i — 21 with alternative proofs. 
Exercises, and Additional Theorems and Examples. Globe Svo. 

\In preparation, 

ELEMENTARY SOLID GEOMETRY AND MENSURATION, 
containing the matter included in the above mentioned volume, 
with a section on Polyhedrons 'and Solids of Revolution, treated 
geometrically and numerically, with exercises in the mensuration 
of Plane and Solid Figures. Globe Svo. [/« the press. 

Syllabus of Plane Geometry (corresponding to Euclid, 
Books I. — VI.). Prepared by the A;s->ciation for the Improve- 
ment of Geometrical Teaching. New Edition. Crown Svo. u. 

\In the press. 

Syllabus of Modem Plane Geometry. — Association 

for the Improvement of Geometrical Teaching. Crown Svo. 
Sewed, is, 

Todhunter. — the elements of EUCLID. For the Use 
of CoUegesand Schools. By 1. Todhunter, M. A., F.R.S., D.Sc, 
of St. John's Ccllege, Cambridge. New Edition. iSmo. 3J. dd, 

KEY TO EXERCISES IN EUCLID. Crown Svo. 6j. dd. 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I._V. Containing the Subjects of Euclid's first Six Books. Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J. M. Wilson, M.A., Head Master of Clifton College. New 
Edition. Extra fcap. Svo. 4J. dd, 

TRIGONOMETRY. 
Beasley.— AN elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A. Ninth Edition, revised and enlarged. Crown Svo, y. 6d* 
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Johnson.— A treatise on trigonometry. By W. E. 

Johnson, M.A., late Scholar and Assistant Lecturer in Mathe- 
matics of King*s College, Cambridge. Crown 8vo. &f. 6d, 

Lock. — ^Works by Rev. J. B. Lock, M. A., Senior Fellow, Assistant 
Tutor and Lecturer in Gonville and Cains College, Cambridge ; 
formerly Master at Eton. 

TRIGONOMETRY FOR BEGINNERS, as far as the Solution of 

Triangles. Globe 8vo. 2f. 6d, 
A KEY TO " TRIGONOMETRY FOR BEGINNERS." Adapted 

from the key to "Elementary Trigonometiy." Crown 8vo. 

6s, 6d, 

ELEMENTARY TRIGONOMETRY. Sixth Edition (in thL«? 

edition the chapter on logarithms has been carefully revised.) 

Globe 8vo. 4s. 6d, 

Mr. E. ]s RoUTH, D.Sc, F.R.S., writes:— "It is an able treatise. It takes the 
difficuliies of the subject one at a time, and so leads the young student easily along.'* 

A KEY TO "ELEMENTARY TRIGONOMETRY." By 
Henry Carr, B.A., of the Grammar School, Lagos, West 
Africa. Crown 8vo. Ss. 6d. 

HIGHER TRIGONOMETRY. Fifth Edition. Globe 8vo. 4s.6d. 
Both Parts complete in One Volume. Globe 8vo. Js. 6d, 

(See also under Arithmetic, Higher MaihemaiicSf and Euclid,) 

M'Clelland and Preston — a treatise on spherical 

TRIGONOMETRY. With applications to Spherical Geometry 
and numerous Examples. By William J. M*Clelland, H.A., 
Principal of the Incorporated Society's School, Santry, Dublin, 
and Thomas Preston, Sch.B.A. In Two Parts. Crown 8vo. 
Part I. To the End of Solution of Triangles, 4J. 6d. Part 11., $s. 
Both Parts in one Volume. 8^. 6d, 

Palmer,— TEXT-BOOK of practical logarithms 

AND TRIGONOMETRY. By J. H. Palmer, Head School- 
master R.N. , H.M.S. Cambridge, Devonport. Globe 8vo. /^, Cd. 

Snowball — ^the elements of plane and spheri- 

CAL TRIGONOMETRY, By J; C. Snowball, M.A. Four- 
teenth Edition. Crown 8vo. 7^. 6d, 

Todhunter. — Works by T. Todhunter, M.A., F.R.S., D.Sc., 
late of St. John's College, Cambridge. 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Example*. New Edition. l8mo. 2s. 6d. 

KEY TO TRIGONOMETRY FOR BEGINNERS. Cr.Svo, Ss,6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. New 
Edition. Crown 8vo. 5j. 

KEY TO ThAm TRtCOJTDMETRV. JCrown 8vo. loj, 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. N^w 
Edition, enlarged. Grown 8vo. 4s, 6d. - '- 

(See also under Arithmetic and Mefisuration, Algehrii^ and JSighef 

Mathematics,) .. ." . 
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HIGHER MATHEMATICS. 

Airy. — WorksbySirG.B.AiRY,K.C.B., formerly Astronomer-Royal 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Uniyer- 
sities. With Diagrams. Second Edition. Crown 8vo. 5J, drfl 
ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown Svo. 6s, 6d, 

Alexander (T.).— ELEMENTARY applied mechanics. 

Bemg the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Part I. Crown Svo. 4X. 6a. 

Alexander and Thomson. — elementary applied 

mechanics. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokd, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part 11. Trans- 
verse Stress. Crown Svo. 10s, 6d, 

Army Preliminary Examination, 1882-1887, Speci- 

in€B8 of Papets set at the. W?th answers to the Mathematical 
Questions. Subjects : Arithmetic, Algebra, Euclid, Geometrical 
Drawing, Geography, French, English Dictation." Cr. 8vo. y, 6d, 

Ball (W. W. R.).— A SHORT ACCOUNT OF THE HIS- 
TORY OF MATHEMATICS, By W. W. Rouse Ball, 
Fellow and Assistant Tutor of Trinity College, Cambridge, and of 
the Inner Temple, Barrister-at-Law. Crown Svo. los. 6d. 

Ball (Sir R. S.).— EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal College of Science for 
Ireland. By Sir Robert Stawell Ball, LLD., F.R.S., 
Astronomer- Royal of Ireland. New Edition. With Bhistrations. 
Crown Svo. 6s. 

Boole. — THE CALCULUS OF FINITE DIFFERENCES. 
By G. Boole, D.C.L., F.R.S., late Professor of Mathematics in 
the Qneen's University, Ireland. Third Edition, revised by 
J. F. Motjlton. Crown Svo. los. 6d. 

Cathbridge Senate-House Problems and Riders, 
with Solutions: — 
1875,— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown Svo. Sj. 6d, 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 
the Mathematical Moderators and Examiners. Edited by J. W. L. 
Glaishsr, M.A., Fellow of Trinity College, Cambridge. I2j. 
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Carll.— A TREATISE ON THE CALCULUS OF VARIA- 
TIONS. Arranged with the purpose of Introducmg, as well as 
Illustrating, its Principles to the Reader by means of Problems, 
and Designed to present in all Important Particulars a Complete 
View of the Present State of the Science. By Lewis Buffett 
Carll, A.M. Demy 8vo. 2is, 

Cheyne.— AN elementary treatise on the PLAN- 
ETARY THEORY. By C. H. H. Cheyne, M.A., F.R.A,S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crov\n 8vo. 7^. 6d, 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
gUESTIONS IN PURE AND MIXED MATHEMATICS; 
with Answers and Appendices on Synthetic "Division, and on the 
Solution of Numerical liquations by Horner's Method. By James 
R. Chrisiie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8 vo. Ss. 6i/. 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clauslus. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los. 6d, 

Clifford. — THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part L— KINEMATIC. 
Crown 8vo. Books I— III. js, 6d, ; Book IV. and Appendix dr. 

Cockshott and Walters. — GEOMETRICAL CONICS. 

An Elementary Treatise. Drawn up in accordance with the 
Syllabus issued by the Society for the Improvemeat of Geometrical 
Teaching. By A. Cockshott, M.A., formerly Fellow and 
Assistant-Tutor of Trinity College, Cambridge, and Assistant- 
Master at Eton ; and Rev. F. B. Walters, M.A., Fellow of 
Queens' College, Cambridge, and Principal of King William's 
College, Isle of Man. With Diagrams. Crown 8vo. 

Cotterill.— APPLIED MECHANICS : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the CouncU 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. iSj. 

ELEMENTARY MANUAL OF APPLIED MECHANICS. 
By the same Author. Crown 8vo. [In preparation. 

Day (R. E.)— ELECTRIC LIGHT ARITHMETIC. By R. E. 
Day, M. a.. Evening Lecturer in Experimental Ptysics at King's 
College, London. Pott 8vo. 2s, 

Day. — PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I. The ElHpse with an ample 
collection of Problems. By the Rev. H. G. Day, M. A., formerly 
Fellow of St. John's College, Cambridge. Crown 8vo. 3^. 6d, 
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DodgSOn.— CURIOSA MATHEMATICA. Part I. A New 
Theory of PuraUels* By Charles L. Dodgson, M.A., Student 
and late Mathematical Lecturer of Christ Church, Oxford, Author 
of "Euclid and his Modem Rivals," "Euclid, Books I. andIL," 
&c Crown 8vo. 2s, 

Drew.— GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. 5;. 

Dyer.— EXERCISES IN ANALYTICAL GEOMETRY. Com- 
piled and arranged by J. M. Dyer, M.A. With Illustrations. 
Crown 8vo. 4s, 6d, 

EaRlCR —CONSTRUCTIVE GEOMETRY OF PLANE 
CURVES. ByT. H. Eagles, M.A., Instructor in Geometrical 
Drawing, and Lecturer in Architecture at the Royal Indian En- 
gineering College, Cooper's Hill. With numerous Examples. 
Crown 8vo. lis, 

Edgar (J. H.) and Pritchard (G. S.).— NOTEBOOK ON 

Pl^ACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
ARTHtJR Meeze. Globe 8vo. 4J. 6d, 

Edwards. — THE differential calculus. With Ap- 
plications and numerous Examples. An Elementary Treatise by 
Joseph Edwards, M.A., formerly Fellow of Sidney Sussex 
College, Cambridge. Crown 8vo. loj. 6d. 

Ferrers. — Works by the Rev. N. M. Ferrers, M.A., Master of 
Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors, Kew Edition, revised. Crown 8vo. 6j. 6d. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS> AND SUBJECTS CONNECTED WITH 
THEM. Crown 8vo. ^s, Id. 

Forsyth,— A treatise on differential equa- 
tions. By Andrew Russell Forsyth, M. A., F. R. S., FeUow 
and Assistant Tutor of Trinity College, Cambridge. 8vo. 14^. 

Frost. — Works by Percival Frost, M.A., D.Sc, formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer at 
King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. 

8vO. I2J. 

soup. GEOMETRY. Third Edition. Demy 8vo. idr. 

HINTS FOR THE SOLUTION OF PROBLEMS in the Third 
Edition of SOLID GEOMETRY. 8va &. 6d, 

d 
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Greave8.--*A TREATISE ON ELEMENTARY STATWa' «y 
John Grsavks, M.A.^ Fellow tatd Mathenatiod Lectorer of 
Christ's College, Cambridge. Second Edition. Cmivli8v«. Qif. 6d, 

STATICS FOR BEGINNERS. By the Sjvme Author. Qlobe $vo. 

GrcenhilL— DIFFERENTIAL AND INTEGRAL CAt-' 
CULUS. With Applications. By A. G. Grebnhill, I^A., 
Professor of Mathematics to the Senior Class of Artillery Officers, 
Woolwich, and Examiner in IfotliemaSics te tbe Vxdv&^igr^- 
London. Crown $1^0. 71. €k/. 

Hayward.— THE ALGEBRA OF CO-PLANAR VECTORS 
AND TRIGONOMETRY. By R. B. HaywaUd, F.l^S^ 
Assistant Master at Harrow* [In preparaMon. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. HsMMiiNG, M.A.. 
Fellow of St. John's Collie, Cambridge. 8*eond' tdijio*, ufcfi*- 
Corrections and Additions. Svo. ^j*. 

IbbetSOn.— THE mathematical theory OF PER- 
FECTLY ELASTIC SOLIDS, with a short account of Vfecous 
Fluids. An Elementary Treatise. By Wxi^liak John IftBETgON, 
M.A., Fell9W of the Royal Astronomical Society, and of the Cam- 
bridjge PhBosophieal Society, Member df the London Ma4hettiirt6^ 
Society, late Souor Scholar of C^M College, Cambrid^ 8vik 2ij. 

Jellett (John H.).— A TREATISE ON THE THEORY OF 
FRICTION. By John H. Jellett, B.D. , late Provost of Trinity 
College, Dublin; Preadent of the Royal Irish Academy^ 4l«o. 

Johnson, — ^Works by William Woolsey Johnsok> Pri>lfess«r of 

Mathematics at the U.S. Nvral Academy, Annopolis, Mu jlimd. 

INTEGRAL CALCULUS, ftn Elementary Treatise oil the; 
Founded on the Method of Rates or Fltixienfe. Detti^ Snio. ^ 

CURVE TRACING IN CARTESIAN CO-OKRlNAteS. 

Crown Svo. 4J. 6</. 

Jonc«.— EXAMPLES I^ PHYSICS. By D. E." JoNfes, ttSc.; 
Lecturer in Physics in University Coll^ of Wul^, Aberystwyth. 
iP'cap. 8vo. 3^. 6</. 

Kelland and Tait.— iNTRODUCTIOlf^ TO IJUAf^BR-' 

NIONS, with numerous exam^es. By P. KblIan^ lil.A., 
F.R.S., and P. G. Tait, M.A., Professors in thtt tkpbrtaBeat of 
Mathematics In the Uuireisity of Ediiibui-gjh. SdtMid. Bditbtt. 
Crown Svo. 7j. 6</. 

Kempe. — HOW TO DRAW A SftfeAIGttl* lAJnB s a Ledtare 
on Linlsages. By A. a Kbupk With IBaitnitlaBi^ ^rowntff^ 
I/. ^tL {Nature S&Ur») 
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Kennedy.— THE mechanics of machinery. By a. 

B. W. Kennedy, F.R.S., M.InstC«£., Professor of Engineering 
and Medumical Technology in Uniretsity CoDega, XiOndon. With 
. Illustttutions. Crown 8vo. Z2x. 6d, 

Knox.— DIFFERENTIAL CALCULUS FOR BEGINNERS. 

By Alexandbr Knox. Fcap. 8vo. 3^. 6J. 
Lock. — Works ty the Rev. J. B. Lock, M.A., Author of 
" Trigonometry," «• Arithmetic for Schools," &c. 
HIGHER TRIGONOMETRY. Second Edition. Globe 8vo. 4s. 6d, 
DYNAMICS FOR BEGINNERS. Second Edition. (Sterei- 

typed.) Globe 8vo. 3J. 6d. 
ELEMENTARY STATICS. Globe 8vo. as. 6d, 

(See also under ArithmetiCy Euclid^ and Trtgonomdry,) 

Lnpton.— CHEMICAL ARITHMETIC. With 1,200 Examples. 
By Sydney LxJpton, M.A., F.C.S., F.LC, formerly Assistant- 
Master hi Harrow School. Second Edition. Fcap. 8vo. 41. 6d. 

Macfarlane,— -PHYSICAL ARITHMETIC. By Ai^EXANDER 
Macfaw-ane, M. a., D.Sc, F.R.S.E., E»axaiqer in Mathemttic^ 
to the University of Edinl>urgh. Crown 8vo. Is, 6d, 

MacQrcgOr.— KINEMATICS and dynamics. An Ele- 
mentary Treatise. By James Gordon MacGregor, M.A., 
D.Scy Fellow 6f the Royal Societies of Edinburgh and of Canada, 
Munro Professor of Physics in Dalbousie College, Halifuc, Kova 
Sootia. With Illustrations. Crown 8vo. lOf. 6d, 

Merriman.— ATEXTBOOK OF the method of least 

SQUARES. By Mansfib;.d Merriman, Professor of Civil 
Engineering at' I^ehigh University, Member of the American 
Philosophical Society, American Association for the Advancement 
of Science, &c. Demy 8vo. 8j. €d. 
Millar. — ^ELEMENTS OF DESCRIPTIVE GEOMETRY By 
J..B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Second Edition. Crown 8vo. 6^. 

Milne. — WorM by the Rer. John J. Milne, M. A., Private Tutor, 
late Scholar, of St. John's College* Cambridge, &c«, &c.« ionnerigr 
Secood Master of Heversham Gmmmar School 

WEEKLY PROBLEM PAPERS. With Notes intended for the 
use of students preparing for Mathematical Scholarships, suad for the 
Junior Members of the Universities who are reading for Mathematical 
Honours. Pott 8vo. 41". 6d, 

SOLUTIONS TO WEEKLY PROBLEM PAPERS. Crown 
8vo. iQf. 6^ 

COMPANION TO " WEEKLY PROBLEM PAPERS." Crown 
8vo. I'Of. 6d. 
Muir. — A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples. For usQ in Colleges 
a^ Schools. By Thos. Mvir, M,A., F.R.S.£.» Mathematical 
Master in the High School of Glasgow. Crown 8vo. 7/. 6d. 
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Palmer.— TEXT BOOK OF practical logarithms 

AND TRIGONOMETRY. By J. H. Palmer, Head School- 
anister R.N., H.M.S. Camdrid^e, Vevonport, Globe Svo. 4^. 6ii, 

Parkinson.—AN elementary treatise on me. 

CHANICS. For the Use of the Junior Classes at the UiiiTersity 
and the Higher Classes in Schools. By S. Parkinson, D.D., 
F.R.S., Tutor and Fralector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8to. 9/. M, 

Pine.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRiB, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6/. 

PuCkle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solntion ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A. Fifth Edition, 
'revised and enlarged. Crown 8vo. 'js. 6d, 

Rculeaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. RsaLSAUX 
Translated and Edited by Professor A. B. W. Kennedy, F.R.S. 
C.E. With 450 Illustrations. Medium 8vo. 21 j. 

Rice and Johnson — differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rice, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy 8vo. i&r. 
Abridged Edition, Qx. 

Robinson.— TREATISE ON MARINE SURVEYING. Pre- 

pared for the use of younger Naval Officers. With Questions for 

£xaminations and Exercises principally from the Papers of the 

Royal Naval College. With the results. By Rev. John L. 

Robinson, Chaplain and Instructor in the Royal Naval Coll^fe, 

Greenwich. With Illustrations. Crown 8vo. *js, 6d, 

CoRTSNTi.— Symbols used in Charts and Surveyinff— The Constmcdon and Use 
of Scales— Laying off Angles—Fixing Positions by Angles — Chans and Chart- 
Drawiag — Instruments and Observing — Base Lines — ^Triangulation — Lcvelting— 
Tides and Tidal Observatiohs— Soundings— Chronometers — Meridian Distances 
— ^Metiiod of Plotting a Survey— Miscellaneous Exercises — Index. 

Routh. — Works by Edward John Routh, D.Sc, LL.D., 

F.R.S., Fellow of the University of London, Hon. Fellow of St. 

Peter's College, Cambridge. 
A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 

RIGID BODIES. With numerous Examples. Fourth and 

enlarged Edition. Two Vols. 8vo. Vol. I. — Elementary Parts. 

14T. Vol. 11. — The Advanced Parts. 14J. 
STABILITY OF A GIVEN STATE OF MOTION, PAR- 

TICULARLY STEADY MOTION. Adams' Prize Essay for 

1877. 8vo. Zs. 6d. 
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Sanderson.— HYDROSTATICS for beginners. By 

F. W. Sandbrson, M.A., late Fellow of the University of 
Durham, and Scholar of Christ's College, Cambridge ; Assistant 
Master in Dulwich College. Globe 8vo. [In tht pras. 

Smith (C.).— Works by Charles Smith, M.A., FeUow and 
Tutor of Sidney Sussex College, Cambridge. 
CONIC SECTIONS. Seventh Edition. Crown 8vo. is.6d 
SOLUTIONS TO CONIC SECTIONS. Crown Svo. lOf.'fiflT 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 
Second Edition. Crown 8vo. % fiflT. (See also under yf/^^^rtf.) 

Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fifth Edition, reviseil. Crown 8vo. its. 
Thomson,— Works by J. J. Thomson, FeUow of Trinity College, 
Cambridge, and Professor of Experimental Physics in the University' 

A TREATISE ON THE MOTION OF VORTEX RINGS. An 
Essay to which the Adams Prize was adjudged in 1882 in the 
University of Cambridge. With Diagrams. 8vo. dr. 

APPLICATIONS OF DYNAMICS TO PHYSICS AND 
CHEMISTRY. Crown 8vo. yj. 6^. 

Todhunter. — Works by I. Todhunter, M.A., F.R.S., D.Sc, 
late of St. John's College, Cambridge. 
*• Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
series of admirable mathematical text-books, which possess the rare qualities of beine 
clear in style and absolutely free from mistakes, typographical and other *'— 
Satukoay Rbvibw. 

MECHANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 4T. (>d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 6s.6d, 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. New Edition, revised. Crown 8vo. ^s, 6d, 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straighr 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. Js, 6d. 

KEY TO PLANE COORDINATE GEOMETRY. By C. W. 

Bourne, M.A. Head Master of the College, Inverness. Crown 

8vo. iQs. 6</. 
A TREATISE ON THE DIFFERENTIAL CALCULUS. With 

numerous Examples. New Edition. Crown 8vo. lOf. 6d, 

A KEY TO DIFFERENTIAL CALCULUS. By H. St. T. 
HUKTER, M.A. Crown 8 vo. 10^. 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown 8vo. loir. (xi, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. 4J. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Fifth Edition. Edited by Professor J. D. Everett. 
F.R.S. Crown 8vo. ioj. 6d, 
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Todhunter.— ow/miwa/. 

A HISTORY OF THE MATHEMATICAL THEORV OF 

PROBABILITY, from the time of Pineal to that 6f Laplace. 

8yo. iSs, 

A HISTORY OF THE MATHEMATICAL THEORIES OF 

, ATTRACTION. AND THE FIGURE OF THE EARTH, 

X from the time of Newton to that of Laplace. 2 vob. 8^. 24s, 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 

AND BESSEL'S FUNCTIONS. Crown Svo. 10*. 61^. 

(See also under Ariihm€Hc and M:nsuraHon, Algebra^ aiid Trigonometry, ) 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices oh Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition, fextra fcap. Svo. 3/. 6d, 

Woolwich Mathematical Pelpers; for Admission into 

the Royal Military Academy, Woolwich, 1880 — 1884 inclusive. 
Crown Svo. '^s. 6(i. 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph WoLSTENHoLMe, D.Sc., late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. Svo. iSj. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. For the Use of Colleges and 
Schools. By the same Author. Svo. %s. 
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(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geograjihy and Geology, (8) 
Agriculture, 

NATURAL PHILOSOPHV. 

Airy.-^ Worts by Sir G. B. AiRY, K.C.B^ foniwrly Astronomer- 

, Royal. 

Ol^.'SOUl^D AND ATMOSPHERIC VtBRATlOKS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo'. 9^. 

A TREATISE ON MAGNETISM. Desig:ned for the Use of 
Students in the University. Crown Svo. 9r. 6d, 

GRAVITATION : an Elementary Explanation of the Principal Per- 
turbations in the Solar System. Second Edition. Crown Svo. Js, 6a^. 
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MeKiLndet (T.).— elementauy applied Mechanics. 

Being th« simpler and mart prtetical Cases of Stress and Strain 
witNigitt out ihdiindwAllf flrofA fint principled by mean$ of Ele- 
noitary Mfttfaematics. By T. Alb:)!cander, C.E., Professor of 
Civil Engineering in the Imperiled College of Engineering, Tokei, 
Japan, Crowa ^vo. Fvt I. 4^. 6d. 

Atcxander — Thomson. — elementary applied 

MECHANICS. By TnojtfAS Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, TokeL Japan ; 
atid ARTHUX WatSOK ThomtoN, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part I L Trans- 
VftR^t StRESS ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out. Crown 8vo. lor. 6ci. 

Bnil (R. 6.).— fiXPERBIENTAL MECHANICS. A Course of 
L^^tttes delivered at tk^ Royal College of Science for Ireland. 
By Sir R. S. Ball, LL.D.| F.R.S., Astronomer Royal of Ireland. 
Second and Cheapet Edition. With Illustrations. Crown 
8to. 6s, 

Bottomley.— FOUR-FIGURE MATHEMATICAL TABLES. 
Comprising Logarithmic and Trigonometrical Tables, and Tables 
of Squares^ Square Roots, and Reciprocals. By J. T. Bottomley, 
M.A., F.R.S.E., F.C.S., Lecturer in Natural Philosophy in the 
University of Glasgow. 8vo. zs, 6cL 

ChlSholm, — THE SCIENCE OF WEIGHING AND 
MEASURING. AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H.W. Chishoi.m. Warden of the Standards. 
With numerous lllustratioos. Crown Svo. 4s. 6d, {Nature Series), 

Clarke.— A TABLE OF SPECIFIC GRAVITY FOR SOLIDS 
AND LIQUIDa (Constiint!! of Natlire: Patt L) New 
Edition-. Revised and Etilax|ped. By FrAKE: Wigglesworth 
ClarKX, CWef CheuliW, U.S. Geological SutVey. Svo, Us, 6d, 
(Published for ^e Sitiithsoniati Institution,. Washington, U.S. of 
Aoierica.^) 

CUusius.— MECHANICAL THEORY OF HEAT. By R. 
CLAusitrS. Tl-Anslated by Walter R, BROwtit, M.A., late 
Fellow of Trinity College, Cambridge. CroWn Svo. tos, od„ 

Cotterill.— APPUED MECHANICS : an Elementary General 

. -Intrgdu^JDf^ to the Theqry of Structures and Machines, By 

JAMES H. Cotterill, F.R.S., Associate Member of the Counal 

?f the Jnstitution of Naval Architects, Associate Member cf tlpe 
nstitutioh bf Civil Engih^ets, Ptojfessor ot Applied Mechanics m 
the Royal Naval College, Greenwich. Medium 8vo. iSs, 
ELEMENTARY MANUAL OF^ APPLIED MECHANICS. 
By the some Awthfot. Crown Svo* [In preparation. 

Cttttttning.— Aifr tih'RODUCTioN to the theory of 

ELECTRICITY. By Linnaus Gumming, M.A., one of the 
Mastersof Rugby School. With Illustrations. Crown 8vo. %s,(Ki. 
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Daniel!.— A text-book of the principles of 

PHYSICS. By Alfred Daniell, M.A., LL.B., D.Sc, 
F.R.S.E., late Lecturer on Physics in the Sdiool of Medidne, 
Edin)jurgh. With Illustrations. Second Edition. Revised and 
Enlarged. Medium 8vo. zis. 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2x. 

Everett— UNITS AND PHYSICAL CONSTANTS. By J. D. 
Everett, M.A., D.C.L., F.R.S., F.R.S.E., Professor o 
Natural Philosophy, Queen's College, Belfast. Second E^dltion. 
Extra fcap. 8vo. 5/. 

Gray— THE THEORY AND PRACTICE OF ABSOLUTE 
/ MEASUREMENTS IN ELECTRICITY AND MAGNET- 
ISM. By Andrew Gray, M. A. , F. R. S. E. , Professor of Physics 
in the University College of North Wales. Two Vols. Crown 
8vo. Vol. I. I2s. 6d, [Vol. II. In the press 

Greaves.— ELEMENTARY STATICS, A TREATISE ON. 
By John Greaves, M.A., Fellow and Mathematical Lecturer 
of Christ's College, Cambridge. Second Edition, revised. Crown 
8vo. dr. 6^. 

STATICS FOR BEGINNERS. By the same. Crown 8vo. 3j. (id. 

Grove.— A dictionary of music and musicians. 

(a.d. 1450 — i88g). By Eminent Writers, English and Foreign. 
Edited by Sir George Grove, D.C.L., Director of the Royal 
College of Music, &c. In four volumes. Demy 8vo. 

Vols. I., II., III., and IV. Price ^\s, each. 

Vol. I. A to IMPROMPTU. Vol. II.. IMPROPERIA to 

PLAIN SONG. Vol. III. PLANCHE to SUMER IS 

ICUMEN IN. Vol. IV. SUMER IS ICUMEN IN to 

ZURSCHONSPEIL and APPENDIX. Demy 8vo. cloth, with 

Illustrations in Music Type and Woodcut. Also published in Parts. 

Parts I. to XIV., Parts XIX— XXII., price jj. 6</. each. Parts 

XV., XVI., price 7^. Parts XVII., XVIII., price is. Parts 

XXIII.— XXV. (Appendix), 9J. 

*,* The Appendix just published completes the Dictionary. A 

general Index will be published as a separate volume.' 

" Dr. Grove's Dictionary will be a boon to every intelligent lover of music"— 
Saturday Rbvibw. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, F.R.S., &3. i8mo. u. 

IbbetSOn.— THE mathematical theory of PER- 
FECTLY ELASTIC SOLIDS, with a Short Account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 8vo, 
Zis, 
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Jones. — Works by D. E. Jones, B.Sc, Lecturer in Physics in 
University College of Wales, Aberystwyth. 

EXAMPLES IN PHYSICS. Fcap. 8vo. 3J. ed. 

HEAT AND LIGHT. An Elementary Text-book. With Illus- 
trations. Fcap. 8vo. [In ^rtparaiim, 

Kempe.— HOW TO DRAW A STRAIGHT LINE ; a Lecture 
on Linkages. By A. B. Kempe. With Illnstrations. Crown 
8vo. IX. 6d, (Nature Series, ) 

Kennedy.— THE mechanics OF machinery. B:^ a. b. 

W. Kennedy, F.R.S., M.Inst.C.E., Profe5^»or of Engineering and 
Mechanical Technology in University College, London. With 
numerous Illustrations. Crown 8vo. 12s, 6d, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang, 
M. A., Professor of Mathematics in the University of St. Andrews. 
WiA Illustrations. Crown 8vo. [In the press, 

Lock. — Works by Rev. J. B. Lock, M. A., Senior Fellow, Assistant 
Tutor and Lecturer in GonvUle and Caius Collie, formerly 
Master at Eton, &c. 

DYNAMICS FOR BEGINNERS. Second Edition. Globe 8vo. 

ELEMENTARY STATICS. Globe 8vo. 4^. 6</. 

Lodge.— MODERN VIEWS OF ELECTRICITY. By Oliver 
J. Lodge, F.R.S., Professor of Physics in University College, 
Liverpool. Illustrated. Crown 8vo. [In the press, 

Lbcwy.— QUESTIONS AND EXAMPLES ON EXPERI- 
MENTAL PHYSICS: Sound, Light, Heat, Electricity, and 
Magnetism. By B. Loewy, F.R.A.S., Science Master at the 
London International College, and Examiner in Experimental 
Physics to the College of Preceptors. Fcap. 8vo. zs. 
A GRADUATED COURSE OF NATURAL SCIENCE FOR 
ELEMENTARY AND TECHNICAL SCHOOLS AND 
COLLEGES. In Three Parts. Part I. First Year's 
CoORSE. By the Same. Globe 8vo. 2j. 

Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
EI.EMENTARY SCIENCE. By Sydney Lupton, M.A,. 
F.C.S., F.I.C., Assistant Master at Harrow SchooL Extra fcap. 
8vo. 2J. 6«^. 

BAacfarlane. — ^physical arithmetic. By Alexander 
Mac^arlane, D.Sc, Exiuxuner in Mathematics in the University 
of Edinburgh. Crown 8vo. is, 6d. 

f KdCgregOr.— kinematics and dynamics. An Ele- 

^ mentary Treatise. By James Gordon Macgregor, M.A., D. So. 

\ Fellow of the Royal Societies of Edinburgh and of Canada, Munro 

Professor of Physics in Dalhousie College, Halifax, Nova Scotia. 

With Illustrations. Crown 8vo. loj. 6</. 
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Mayer. — SOUND : a Series of Simple^ Entertaining, and Inek- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. 'Milttl, Ptofess6f ef Physics 
in the Stevens Institute of Technology, &c- Wilh nimierous 
Illttstrations. Crown 8vo. 2s. 6d, {Nature !Senes.) 

Mayer and Barnard— light : a. Series of simple, Ep^^- 

iflg, and Inexpensive Exp^iiments ill tke I^enomenii of L^'A^for Sie 
Use of Students of every age. By A. M. Mayer atid C. BaRnard. 
With numerous Illustrations. Crown Svo. ±s. 6d, {ifatuye SerU^.) 

Newtoa — PRINCIPIA.. Edited by Prdfessor Sir W. T86%feON 
and Professor Blackburn E. 4tl), doth, 31^. <W, 
THE FIRST THREE SECTIONS OF NEWTON'Sg I^RIN- 
CIPIA. With Notes and lUusttlitioAfi* Also a C«dl«6Clon of 
Problems, principally intended as Examples of Newton's Melboc^. 
By PfiRciVAii i^'ROST, M.A. Third Edition. Svo. \29. 

Parkin^dh.— A TREATISE ON OPTICS. By S. Parkwson, 
D.D., F.R.S., Tutor and Praelector of St. John's College^ Ciu«- 
iMridge. Four^ Edition, ttvised and eiklatged. Crowd Svo. tOf . (SaT. 

Perry.— STEAM. AN ELEMENTARY TREATISE, By 
John Perry, C.E., Whitworth Scholar, Fellow of the Chemipal 
Society, Professor of Mechanical Enghieering and Applied Mech- 
anics at the Technical College, Finsbury. With numenstiis Wood- 
cuts and Nuiperical Examples and EsterciSl^s. iSihd. i^\^^ 

Rayleigh.— THE THEORY QF SOUND, i^y Lord RAYjiwfit, 
M.A., F.R.S., formerly Fellow of Trinity jCqllege, Cambridge, 
Svo. Vol. I. 12^. td. Vol. 11. \2s. id, \Vx4. ///, i»tAsJress. 

Reuleaux.— THE kinematics of MACIilNERX*. . Oif - 
lines of a Th^ry of MAcJiines. By Professor F. RkutEAux. 
Ttanskted and Edited by Professor A. B, W, KeNNEdY, F.R.S., 
C.E. With 450 Illustrations. Medium Svo. 2li^ 

RoSCOe ^nd SchuStef.-^SPECTRUM analysis Lectures 
delivered in 1868 before the Society of ApQthcearies ©f London. 
By Sir H5:nrY E. Roscob, LL.t).^ F.R.S., formerly |*rofe»sor of 
Chemistry In the Owens College, Victoria •UniveaitVf ^^ftncfcester. 
Fourth Edition, revised smd consideraMyl enlarged by thj .Author 
and by Arthur SCHuSTfiR, F.fe.Sy i^.t)., jfpfcssor of Appjiad 
Miftfeowttids vk thb Oweiis Col%)e, tfet<>tf<i Ufti4<feity:" Ww 'Ai>- 
.t>endicw^ iitiraeR«8lHus*ratic^fe>'aftd Piste*. ;Me<!(imti flhrO;: 21s, 

Sdhdersotl.— HVtoROStATICS FOR 6E(SiNltEI^' By 
F. W. Sanderson, M.A., late^F^low^of tte.,y|UYersit«uBf 
Dartobi, ajidSchb^['<i*'tJfefesNSo|lbg;6,^a^ ; JLiiSKt 

Master th Dtthvieli tiolkgfe. CHobeSvo: ' \T\thkJ»^ess, 

Shann.— AN ELEMENTARY TREATI^ t>N riEAT, JN 
RELATIOK TO STEAM AHTD THE l5TEft!i-^i^fifft. 
By a. Shanit^ M. A. With IlhisliM«i6its« CrdWh 8ttf. 41*. 6d, 

SpdttiswOodfe.-^^OLAfelSATION 0^ LIGHT. By tlie late 
W. SpoTTiswoODit, F.R.S. With mafty Illu^trationj. New 
Edition. Crown 8vo. ^. 6d. {Natftre SiHes,) 
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Stewart (Balfour).— works by Balfour Stewai^t, F.R.»., 

late iMBgyrorikf Profeisor of Physics in the Owens College, 

Victoria University, Manchester. 
PRIMER OF PHYSICS. With nomerovs IDustrations. New 

Edition, with Questions. i8mo. is» {Scuftcg Frimers,) 
LESSONS IN ELEMENTARY PHYSICS. With numerous 

iQustrations and Chromolitho of the Spectra of &e Sun, Stars, 

and Nebnise. New and Enlarged Edition. Fcap. 8vo. ^r. 6d, 
QUESTIONS ON feALFOUR STEWART'S ELEMENTARY 

LESSONS IN PHYSICS. By Prof. Thomas H. Core, Owens 

Collie, Manchester. Fcap. Svo. 2/. 

Stewart and Gee.— ELEMENTARY PRACTICAL PHY. 
SICS, LESSONS IK. By Balfour Stewart, M.A., LL.D. 
F.]R.S.y and W. W. Haldane Gee, B.Sc Crown 8to. 
VoL t— GENERAL PHYSICAL PROCESSES. 6i. 
Vol. n. —ELECTRICITY AND MAGNETISM, js. 6d. 
Vol. III.— OPTICS, HEAT, AND SOUND. [In the prist. 
PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR 
STUDENTS OF COLLEGES. By the same Authors. Globe Svo. 
Vol. L— ELECTRICITY AND MAGNETISM. 2s, 6d. 

Stokes. — ON LIGHT. Being the Burnett Lectures, delivered in 
Aberdeen in 1883, 1884, 1885. By George Gabriel Stokes, 
M.A., P.R.S., &c.. Fellow of Pembroke College, and Lucasian 
Professor of Mathematics in the University of Cambridge. Firsfc 
Course ; On the Nature of Light.— Second CouKe : On 
Light as a Means of Investigation. — Third Course : On the 
Beneficial Effects of Light. Complete in one volume. 
Crown 8vo. ^s, 6d, 
%* The Second and Third Connes may be had tepdrately. Ctown 

Svo. 2Jr. 6d, each. 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Ston^ M.D. With lUuslrations. iSmo. p, 6d. 

Tait. — HEAT. By P. G. Tait, M.A., Sec. R.S.E., formerly 
Feliow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown ^vo. 6s. 

Thompson,— ELEMENTARY LESSONS IN EI^CTRICITY 
ANP MAGNETISM. . By SiLvamus P; ThoMFson, Principal 
and Professor pf Ph^fsics in the Tedhnical College, Finsbiury. With 
Illttstrations;. New Edition, Revised. Forty-Third Thousan<[. 
Fcap. Svo. 4>. 6d, 

ThonlSbn, Sir W.— Works by Sir William Thomson, 

D.C.L., LL.D,, F.R.S., F.R.S.E., Fellow of St. teeter's CoUege, 

Can^dge, ^d Pfofessor of Natural Philosophy in the University 

of GUsgo^u^. 

EtECrRDSTAtlCS AND MAGNCTISM, REPRINTS OF 

Papers on. second Edition. Medium Svo. its. 
POPULAk LECTURES AND ADDRESSES. 3 vols. With 
Illustrations. Crown Svo, Vol, L Constitution of Matter. 6s, 
(Nature StrUisJ) 
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Thomson, J. J.— Worics by J. J. Thomson, Fdlow of THnity 
College, Cavendish Professor of Escperimttntal Physics in the 

University. 

THE MOTION OF VORTEX RINGS, A TREATISE ON, 
An Essay to which the Adams Prize was adjadged in 1882 in 
the University of Cambridge. With Diagrams. 8vo. 6x. 

APPLICATIONS OF DYNAMICS TO PHYSICS AND 
CHEMISTRY. By the same Author. Crown 8vo. ^s, 6d. 

Todhunter— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. ToDHUNTER, M.A., F.R,S., D.Sc 
Part I. The Properties of Solid and Fluid Bodies. iSmo. y. 6tL 
Part IL Sound, Light, and Heat i8mo. 3^. 6d. 

Turner.— HEAT and electricity, a collection of 

EXAMPLES ON. By H. H. Turner, B. A., FeUow of Trinity 
College, Cambridge. Crown 8vo. 2/. 6d, 

Wright (Lewis). — LIGHT ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly aoo Engravings and Coloured 
Plates. Crown Svo. ^s, 6d, 



ASTRONOMY. 

Airy.— POPULAR ASTRONOMY. With Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Royal, New Edition. 
i8mo. 4r. 6d. 

Forbes.— TRANSIT of VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian Univeraty, 
Glasgow. Illustrated. Crown 8vo. 31. 6d, {Nature Seriet,) 

Godfray. — Woiks by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Coll<^es and 
Schools. Fourth Edition. Svo. 12s, 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, revised. Crown Svo. $s, 6d, 

Lockyer. — Works by J. I^Jorman Lockyer, F.R.S. 
PRIMER OF ASTRONOMY. With numerous Ulustrations. 
New Edition. iSino. is, (Science Primefs.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulse, and 
numerous Illustrations. New Edition, revised. Fcap. Svo. 5f. 6d, 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By JOHK FoRBSS- 
RoBEKTSON. iSmo, cloth limp, is, 6d. 

THE CHEMISTRY OF THE SUN. With lUustraaons. Svo. 145. 
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Newcomb.— POPULAR astronomy. By S. Newcomb, 
LL.D.,I*Cofessor U.S. Naval Observatory. With 112 Illustrations 
and 5 Maps of the Stars. Second Edition, revised. 8vo. 18;. 
"It isunlijee anything else of its kind, and will be of more use in ch-ailatinga 

knowledge of Afttronomy than nine-tenths of the bnoks which have appeared on the 

•ttbject of late years."— Saturday Rkview. 

CHEMISTRY. 
Armstrong.— A manual of inorganic chemistry. 

By Henry Armstrong, Ph.D., F.R.S., Professor of Chemistry 
in the City and Guilds of London Technical Institute. Crown 8vo. 

[Jn preparation. 

Cohen.— THE OWENS COLLEGE COURSE OF PRAC- 
TICAL ORGANIC CHEMISTRY. By Julius B. Cohen, 
Ph.D., F.C.S., Assistant Lecturer on Chemistry in the Owens 
College, Manchester. With a Preface by Sir Henry Roscoe, 
F.R.S., and C. Schorlemmer, F.R.S. Fcap. 8vo. Us, 6d, 

Cooke.— ELEMENTS OF CHEMICAL PHYSICS. By JosiAH 
P. Cooke, Junr., Erving Professor of Chemistrv and Mineralogy 
in Harvard University. Fourth Edition. Royal 8vo. 21s. 

Fleischer.— A SYSTEM OF volumetric ANALYSIS. 
By Emil Fleischer. Translated, with Notes and Additions, 
from the Second German Edition by M* M. Pattison Muir, 
F.R.S.E. With Illustrations. Crown 8vo. *js.6d, 

Frankland.— agricu LTURAL chemical analysis 

A Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc, F.C.S. Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal. School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon Leitfadcn fur die Agriculture 
Chemicke Analyse^ von Dr. F. Krocker. Crown 8vo. 7f. dd. 

Hartley.— A COURSE OF quantitative ANALYSIS 
FOR STUDENTS. By W. Noel Hartley, F.R.S., Professor 
of Chemistry, and of Applied Chemistry, Science and Art Depart- 
ment, Royal College of Science, Dublin. Globe 8vo. 5^. 

Hiorns. — Works by Arthur H. Hiorns, Principal of the School 
of Metallurgy, Birmingham and Midland Institute. 

PRACTICAL METALLURGY AND ASSAYING. A Text-Book 
for the use of Teachers, Students, and Assayers. With Illustra- 
tions. Globe Svo. 6; . 

A TEXT-BOOK OF ELEMENTARY METALLURGY FOR 

. THE USE OF STUDENTS. To which is added an Appendix 
of Examination Questions, embradag the whole of the Questions 
set in th6. three stages of the subject by the Science and Art 
Department for the past twenty years. Globe 8vo. 4r. 

IRON AND STEEL MANUFACTURE. Illustrated. Globe 
8vo. [/« th^ press. 
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Jones. — Works by Francis Jones, F.R.S.E.^ F.CS., Chemical 
Master in the Grajnmar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Sir Henry Roscoe, 
F.R.S., and Illustrations. New Edition. i8mo. 2s, 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. Fcap. 8vo. 3^ . 

Landauer.— BLOWPIPE analysis. By j. Landauek. 

Authorised Ei^Ksh Edition by J. Taylor and W. E. KAir, of 
Owens Coll^^e, Manchester. [New EcUHdn in preparation. 

Lupton.— CHEMICAL ARITHMETIC. With i,aoo Problems. 
By Sydney Lupton, M.A., F.C.S., F.LC, formerly Assistant- 
Master at Harrow. Secoaad Edition, Reyised ind Xhi^^gaL 
Fcap. 8vo. 4x. 6d, 

Meldola.— THE chemistry of photography. By 
Ra]?hael Meldola, F.R,S., Professor of Chemistry in the 
Technical College, Finsbury, City and Guilds of London Insti- 
tute for the Advancement of Technical Education. CrowU 8vo'. 
65. {Nature Series,) 

Meyer. — HISTORY OF CHEMISTRY. By Ernst von 
Meyer. Translated by George McGow an. 3vo. [In prep., 

Mixter.— AN elementary text-book of chem- 
istry. By William G, Mixter, Professor of Chemistry in 
the Sheffield Scientific School of Yale College. Second and 
Revised Edition. Crown 8vo, 'js. 6d, 

Muir.— practical chemistry for medical stu- 

, DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is, 6d, 

Muir and Wilson.— the elements of thermal 

CHEMISTRY. By M. M. Pattison Muir, M.A., F.R.S.E., 
Fellow and Prselector of Chemistry in Gonyilk and Caius Cc^ege. 
Cambridge ; Assisted by David Muir Wilson. Sva itf^ €4, 
Ramsay.— EXPERIMENTAL proofs of CHEMICAL 
THEORY FOR BEGINNERS. By William Ramsay, Ph.D., 
Professor of Chemistry in University Coll., Bristol. PottSvo. 24- 6d. 

Remsen. — Works by Ira Rjmsen, Professor of Chittnistrf itt tH 

Johns Hopkins University. 
COMPOUNDS OF t:ARBON ; or. Organic Chemistry, an lateto- 

duction to the Study of. Crown 8vo. 6s. 6d, 
AN INTRODUCTION TO THE STUDY OF CHEMJSTRY 

(INORGANIC CHEMISTRY). Crovm 8vo. 6s. m 
THE ELEMENTS OF CHEMBSTRY. A T«xtj Book for 

Beginneas. Fcap^ 8vo. 3*. 6(i. 
Roscoe. — Works by Sir Henry E. Roscob, F.R.S., formerly 

Professor of Chemistry in tiie Victoria University the Owens Col^e, 

Manchester. 
PRIMER OF CHEMISTRY. With numerous Illustrations. New 

Edition. With Questions. i8mo. U, {Science Primers.) 



Wessons in elementary chemistry, inorganic 

AND ORGANIC. Wkk numerous Illustrations and Chromolitho 
of the Solar Spectruna. and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. /^. 6d. {See under Tno^v^.) 

Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Or^nic Chemistry. By Sir Henry E. Roscoe, F.R.S., and Prof. 
C. SCHORLEMMER, F.R.S. With Illustrations. Medium 8vo. 

Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— Tlw Non-Metallic Elitnents. Second Edition, revised. 
. Zis. Vol 11, Part I.--Metals. i&s. Vol. II. Part II.— Metals. 
New and thoroughly Revised Edition. i8j. 

Vol. m.—ORGANIC CHEMISTRY. 

tSE CHEMISTRY OF THE HYDROCARBONS and their 
Derivatives, or ORGANIC CHEMISTRY. With numerous 
Illustrations. Five Parts. Parte I., IL, and IV. zis. each. 
I\irts III. and V. i8j. each. 

Thorpe.— A series of chemical problems, prepared 
with Special Reference to Sir II. E. Roscoe's Lessons in Elemen- 
tftry Chemistiy, by T. B. Thorpe, Ph.D., F.R.S., Professor of 
Chfnustry in the Normal School of Science, South Kensington, 
a4apted for the Preparation of Students for the Government, 
. Science, and Society of Arts Examinations. With a Preface by Sir 
HenrvE. RoscOB, F.R.S. New Edition, with Key. i8mo. 2s, 

Thorpe and Riicker.— a treatise on chemical 

PHYSICS. By T. E. Thorpe, Ph.D., F.R.S. Professor of 
Chemistry in the Normal School of Science, and Professor A. W. 
RUOKER. Ilhistrated. 8vo. {In preparation. 

Wright.-r-METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C Alder Wright^ D.Sc, &c., 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
Extra fcap. 8vo. 3j. ^^. 

BIOLOGY. 

AUeCI.-HDN^ THE COL6UR OF ^LOWERS, as Illustrated in 
Ae British Flora. By Grant Allen. With Illustrations. 
Crown 8vo. p,6d, {Nature Series.) 

Balfour.-^ A treatise on comparative embrV- 

OLOGY. By F. M. Balfour, M,A., F.R.S,, Fellow and 
Lecturer' of Trinity College, Cambridge. With Illustrations. 
$QCond Editioh* reprinted without alteration ^om the First 
E4ition. In 2 vols- 8vo. Vol. I. i8j. Vol. IL 21s. 

Ba^&ur and Ward*— a general text book of 

30TAi^i'. Py Isaac Baylby Balfour, F.R.S., Professor of 
Sqtan/ 19 th^UaifVersity of Edinburgh, and H. Marshali» Ward, 
F^B^S., Fellow of Christ's College, Cambri<^, and Professor of 
Spt^y in the Royal Indian Engineering CoUege, Cooper's HiU. 
Sto. \In prepantHon, 



48 MACMILI.AN'S EDUCATIONAL CATALOGUE. 

Bettany.— FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., formerly Lecturer in Botany 
at Guy's Hospital Medical School. i8mo. Is, 

Bower.— A COURSE of practical instruction in 

BOTANY. By F. O. Bower, D.Sc, F,L.S., Regius Professor 
of Botany in the University of Glasgow. Crown 8vo. Part I. 
Second Edition, revised and enlarged. Phanerogamse — Pterido- 
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F.R.S., Zoolo^cal Secretary of the Linnean Society. Crown 
8vo. 2J. 6^. {Nature Seiies.) 

Sedgrwick— A SUPPLEMENT TO F. M. BALFOUR'S 
TREATISE ON EMBRYOLOGY. By Adam Sedgwick, 
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Third Edition. Adapted to the New British Pharmacopoeia, 1885. 
Medium 8vo. 2ir. 

TABLES OF MATERIA MEDICA : A Companion to the Materia 
Medica Museum. With Illustrations. New Edition Enlars^ed. 
Cheaper Issue. 8yo. 5x. 
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Smith (Worthincton G.).— DISEASES OF FlELP AND 

GARDEN CROPS, CHIEFLY SUCH AS ARE CAUSED BY 
FUNGI. By WorthinGTOn G. Smith, F.L.S., M.A.I., 
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(Lond.), F.R.S., late Professor of Political Economy in University 

College, London,. Examiner in Mental and Moral Science In the 

University of London. 

PRIMER OF POLITICAL ECONOMY. New Edition. i8mo. 

, I>. [Sciehci Primers,) 

THE THEORY OF POLITICAL ECONOMY. Third Edition. 
Revised. Demy 8vo. lay. 6d, 

.Ke3rnes.— THE SCOPE anp method of. political 

ECONOMY. ByJ. N. k»YNES, M.A* [In preparation. 

Marshall; — ^the economics of i:ndustry. By A. 

Marshall, M»A.-, Professor of Political Economy in the Uni- 
versity of CambiitJ^, and Mary P. Marshall, late Lecturer at 
Newnham Hall, Cambridge. Extrti fcap. 8vo. 2i, 6</. 



$6 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Marshall. — economics. By Alfred Marshall, M.A., 

Professor of Political Economy in the University of Cambridge. 
2 vols. 8vo. [In ike press, 

Palgrave.— A dictionary of political economy. 

By various Writers. Edited by R. H. iNGLis Palgrave. 

[In preparation, 
Sidgwick.— THE PRINCIPLES of POLITICAL ECONOMY. 
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John H. Bernard, B.D., Fellow of Trinity College, Dublin, 
Archbishop King's Lecturer in Divinity in the University of 
Dublin. A new and completed Edition in 2 vols. Crown 8vo. 

Vol. I. The Kritik of Pure Reason Explained and 
Defended. 

VoL II. Translation of the "Prolegomena." \yusiready* 

Keynes.— FORMAL LOGIC, Studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By Tohn Neville Keynes, M.A., late 
FeUow of Pembroke College, Cambridge. Second Edition, 
Revised and Enlarged. Crown 8vo. los, 6d, 

McCosh.— PSYCHOLOGY. By James McCosir, D.D., LL.D., 
Litt.D. President of Princeton Collie, Author of "Intuitions of 
the Mind," " Laws of Discursive Thought," &c Crown 8vo. 

L THE COGNITIVE POWERS. 6j. 6d. 

IL THE MOTIVE POWERS. Crown 8vo. 6s. 6J. 

FIRST AND FUNDAMENTAL TRUTHS : being a Treatise 
on Metaphysics By the Same* Extra crown 8vo. 9/. 

Ray.— A TEXT-BOOK OF DEDUCTIVE LOGIC FOR THE 

USE OF STUDENTS. By P. K. Ray, D.Sc. (Lon. and Edin.), 

Professor of Logic and Philosophy, Presidency College Calcutta. 

Fourth Edition. Globe 8vo. 4r. 6d. 

The ScHooLMAS'i'Es says :~"This work ... is deservedly takiog a place among 

the reci^^ised text-books 00 Logic." 

Sidgwick. — Works by HENRY SiDGWiCK, M.A., LL.D., Knight- 
bridge Professor of Moral Philosophy in the University of 
Cambridge. 

THE METHODS OF ETHICS. Third Edition. 8va 14J. A 
Supplement to the Second Edition, containing all the important 
Additions and Alterations in the Third Edition. Demy 8vo. 6s. 

OUTLINES OF THE HISTORY OF ETHICS, fot English 
Readers. Second Edition, revised. Crown Svo. 3^. 6d, 

ELEMENTS OF POLITICS. Demy $vo. [In the press. 
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Vexln. — Works by John Venn, ScD., F.R.S., M.A., Fellow ^4 
Lecturer in Moral Sciences in Gonville and Caius College, Cam- 
bridge, Examiner in Moral Philosophy fe the University of 
London* 

THE LOGIC OF CHANCE. An Essay on the Foundations and 
Province of the .Theory of Probability, with special Reference to 
its Logical Bearings and its Application to Moral and Social 
Science. Third Edition, rewritten and greatly enlarged* Crown 
8vo. iQf. 6d. 

SYMBOLIC LOGIC. Crown 8vo. los. 6d. 

THE PRINCIPLES OF EMPIRFCAt OR INDUCtlVE 
LOGIC. Medium 8vo. iSx. 



GEOGRAPHY. 

^drthol<!)mew.— THE elementary school atlas. 

By John Bartholomew, F.R.G.S. 4to. u. 
Ihis Elementary Atlas is designed to illustrate the principal text- 
books on Elementary Geography. 

Clarke.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, revised 1889, 
with Eighteen Coloured Maps. Fcap. 8vo. Paper d6v«i%| 3*, ; 
cloth, 3J. 6d. . 

Geikie.— Works by Archibald Geikie, F.R.S., Director-General 
of the Geological Survey of the United Kingdom, and Director of 
the Museum of Practical Geology, Jerm3m Street, London ; 
formerly Murchison Professor of (jeol<^y and Mineralogy in the 
University of Edinburgh. 

THE TEACHING OF GEOdRAPHY. A Practical Handbook 
for the use of Teachers. Crown 8vo. 2s, Being Volume I. of a 
New Gc<^taphical Series Edited by Archibald GeiKie, F. R. S. 

•^* The aim <^ this v(^ume is tb advocate the daitai of geography as 
an educational discipline of 4 high order, and to show h<yw these 
elaims may be practically recognised by teachers. 

AN ELEMENTARY GEOGRAPHY OF THE BRITISH 
ISLES. iSmoi IX. .. 

Gfe<eni. — a short geography- of the British 

ISLANDS. By John Richard Green and Alice Stopipord 
GkEBN* Witii Maps, Fcap. Svo. 3j. W. 

'Grove. — ^A primer of geography. By Sir George 

Grove, D.C.L. With lUnstrations. iSmo. u. {ScwtciPfima-s,) \ 

Kiepert.— A MANUAL OF ANCIENT GEOGRAPHY. From 
the German of Dr. H. Kiepert. Crown Svo. 5j; 
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Macmillan's Geographical Series. Edited by Archibald 

Geikie, F.R.S., DircWior-Oejiaml of thfc Geological Survey of the 
United Kingdom. * 

The followiu^ List of Volotnes is xjontemplated ? — 
THE TEACHING OF. GEOGRAPHY. A Pitictical Handbook 
for th6 use of Teachers, ^y Archibald Geikie, F.R.S., 
Director-General of the Geological Survey of the United Kingdom, 
add Dii>ector of the Mcrseum ^ Practical Geology, Jermyn Street, 
XiOtidon ; formerfy Murchison Professor of Geolo^ and Mineralogy 
in the University of Edinburgh. Crown 8vo. 2J. 
%* The aim of this volume is to advocate the claims of geography 
as an educational discipline of a high order, and to show how 
these claims may be pracJtically reo^nized by teachers. 

AN ELEMENTARY GEOGRAPHY OF THE BRITISH 
ISL£S. By Archibald Geucifi, F.R.S. iSmo. i^. 

THE ELEMENTARY SCHOOL ATLAS. .With 24 Maps in 

Colours, specially designed to illustrate all Elementary Text-books 

of Geogmphy. By John Bartholomew. F.R.G.S. 4to. is. 

AN fiLEMfeNTARY GENERAL GEOGRAPHY. By Hugh 

RoBlSRf MiLi, D.St. lEdin, With Hlustrations. Crown 8vo. 

[/n the press, 
A GEOGRAPHY OF THE BRITISH COLONIES. By 
GtolRGe M. Dawson and Alexander Sutherland. 

\In preparation, 

A GEOGRAPHY OF EUROPE. By James Sime, M. A. With 

lUusimticas. \In the press. 

A GEOGRAPHY OF NORTH AMERICA. By Professor N. S. 

Shaler. [In preparation, 

OEOGRAPHY OF ASIA. 

GEOGRAPHY OF AFRICA. 

GEOGRAPHY OF THE OCEANS AND OCEANIC 

ISI^NDS. 
AIDVANCED CLASS-BOOK OF THE GEOGRAPHY OF 

BRITAIN. 
jGEQGRAPHY OF AUSTRALIA AND NEW ZEALAND. 
GEOGRAPHY OF AMERICA. 

G iOGRAPHY OF INDIA. By H. F. Blanford, F.G.S. 
i&EOGRAlPHV OF THE UNITED STATES 
ADVANCED CLASS-BOOK OF THE GEOGRAPHY OF 
' EUROPE. 

Mill— -AN ELEMENTARY GENERAL GEOGRAPHY. By 

Hugh Robert Mill, D. Sc. Edin. With Illustrations. Crown 
^to. \Ih the press. 

Siniie.— A GEOGRAPHY OF EUROPE. By James Sime, M.A. 
^ith Illustrations. \Jn the press. 

Strachey.— LECTURES ON GEOGRAPHY. By General R. 
StTRAGHXY, R.E., C;S*L, President of the Royal Geographical 
^Society. Crown Svo. ^r.-firf*. 
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HISTORY. 

Arnold (T.). — ^THE second funic war. Beii^ Chapters 
from THE HISTORY OF ROME* By Thomas Arnold, 
D.D. Edited, with Notes, by W. T. ARNOLD, M.A. With 8 
Maps. Crown Svo. 8/. 6^. 

Arnold (W. T.).— the roman system ok provincial 

ADMINISTRATION TO THE ACCESSION of CONST AN- 

TINE THE GREAT. By W. T. Arnold, M.A. Crown 8vadf. 

"Onght to prove a valuable handbook to the student of Ivomaa history.**— 

GUAROIAM. 

Beesly.— STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. Svo. 2s, 6^. 

Bryce.— THE HOLY ROMAN EMPIRE. By James Bryce, 
D.C.L. , Fellow of Oriel College, and Regius Professor of Ciyil Law 
in the University of Oxford. Eighth Edition. Crown Svo. 7x. 6d, 
*<>* Also a Library Edition, Demy Svo. 14J. 

Buckley.— A HISTORY OF ENGLAND FOR BEGINNERS. 
By Arabella B. Buckley. Author of '*A Short Histoiy of 
Natural Science," &c. With Coloured Maps, Chronological and 
Genealogical Tables. Globe Svo. 3/. 

Bury.— A HISTORY OF THE LATER ROMAN EMPIRE 
FROM ARCADIUS TO IRENE, a.d. 39S-S00. By John P. 
B u ry. Fellow of Trinity Coll. , Dublin. 2 vols. Svo. \In the press, 

Eggleston.— THE household HISTORY OF THE UNI- 
TED STATES AND ITS PEOPLE. By Edward Eggleston. 
With Illustrations. 4to. I2J. 
English Statesmen, Twelve. — a Series of Short Bio- 
graphies, not designed to be a complete roll of Famous Statesmen, 
out to present in historic order the lives and work of those leading 
actors in our affairs who by their direct influence have left an 
abiding mark on the policy, the institutions, and the position of 
Great Britain among States. 

The following list of subjects is the result of careful selection. The 
great movements of national history are made to follow one 
another in a connected course, and the series is intended to form a 
continuous narrative of English freedom, order, and power. The 
volumes as follow, Crown Svo, 2s, 6d, each, are ready or in 
preparation : — 

William the Conqueror. By Edward A. Freeman, D.C.L. , 
LL.D. [Ready, 

Henry IL By Mrs. J. R. Green. [Ready, 

Edward I. By F. York Powell. 

Henry VII. By James Gairdner. . [Ready, 

Cardinal Wolsey. By Professor M. CreightoN. [Ready, 

Elizabeth. By the Dean of St. Paul's. . 

Oliver Cromwell. By Frederic Harrison* . [Ready, 

William IIL By H. D. Traill. [Ready. 
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English Statesmen, Twelve— w/Z/V/;/^//. 

Walpole. By John Mokley. [In the press. 

Chatham. By John Morlsy. 

Pitt. By John Morley. 

Peel. By J. R. Thursfield. {In the press. 

Piske.— THE CRITICAL PERIOD IN AMERICAN HIS- 
TORY, 1783— 1789. By John Fiske, fonncrly Lecturer on 
Philosophy at Harvard University, author of " Outlines of Cosmic 
Philosophy, based on the Doctrine of Evolution, with Critidsms 
on the Positive Philosophy," "Darwinism, and other Essays," 
"American Political Ideas viewed from the Standpoint of Universal 
History." Extra crown 8vo. lox. 6d. 

Freeman. — Works by Edward A. Freeman, D.C.L., LL.D., 
Regius Professor of Modern History in the University of Oxford, &c. 

OLD ENGLISH HISTORY. With Five Coloured Maps. New 
Edition. Extra fcap. 8vo. 6s, 

A SCHOOL HISTORY OF ROME. Crown 8vo. {In preparation, 

METHODS OF HISTORICAL STUDY. A Course of Lectures. 
8vo. lor. 6e/. 

THE CHIEF PERIODS OF EUROPEAN HISTORY. Six 
Lectures read in the University of Oxford in Trinity Term, 1885. 
With an Essay on Greek Cities under Roman Rule. 8vo. lor. 6/. 

HISTORICAL ESSAYS. First Series. Fourth Edition. 8vo. 

IQf. 6d, 

Contents :'-'Tb« Mythical and Romantic Elements in Early English History ~ 
The G>ntinuity of English History— The Relations between the Crown of 
England and Scotland — St. Thomas of Canterbury and his Biographers, &c. 

HISTORICAL ESSAYS. Second Series. Third Edition, with 

additional Essays. 8vo. 10;. 6d. 

Contents:— Ancient Greece and Mediaeval Italy ^Mr. Gladstone's Homer and 
the Homeric Ages— The Historians of Athens — The Athenian Democracy— 
Alexander the Great — Greece during the Macedonian Period— Mommsen's 
History of Rome — Lucius Cornelius Sulla — ^The Flavian Caesars. &c., &c. 

HISTORICAL ESSAYS. Third Series. 8vo. I2.f. 
Contents: — First Impressions of Rome — ^The Illyrian Emperors and their Land 
—Augusta Treverorum — The Goths at Ravenna — Race and Language — 'thit 
Bysantine Empire — First Impressions of Athens — Mediaeval and Modem 
G r ee c e T he Southern Slaves— Sicilian Cycles— The Normans at Palermo. 

THE GROWTH OF THE ENGLISH CONSTITUTION FROM 
THE EARLIEST TIMES. Fourth Edition. Crown 8vo. 5J. 

GENERAL SKETCH OF EUROPEAN HISTORY. New 
Edition. Enlarged, with Maps, &c. i8mo. y. td, (Yol. I. of 
Historical Course for Schools.) 

EUROPE. i8mo. is, {History Primers.) 

Pyffe. — A SCHOOL history of Greece. By c. a. fvffe, 

M.A. Crovrn 8vo. [In preparation. 
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Green. — WoAs by John Richard GkSEN, M.A., 
late Honorary Fellow of Jesus CoU^e, Oxford. 
A SHORT HISTORY OF THE ENGLISH PEOPLE. NeW 
and Thoroughly Revised Edition. With Colouved Maps, Qendi- 
logical Tables, and Chronological Annals. Crown Sto. di^. 6tl, 
142nd Thousand. 
Afeo the same in Four Parts. Parts X. and IL f eady ; Parts XH." 
and IV. shortly. With the corresponding portion of ^ft. Tail's 
** Analysis." Crown Sto. 3J. each. t*attl. 607 — 126$. Part IL 
1204— 1553. I*art III. 1540 — 1689. Part IV. 1660--1875. 
HISTORY OF THE ENGLISH PEOPLE. lo four vols. 8vo. 
Vol. I. —EARLY ENGLAND, 449— 1071 —Foreign Kings, 
1071-1214— The Charter, 1214-12OJ — The Parliament, 1307- 
1461. With eight Coloured Maps. 8vo. %6s. 
Vol. IL— THE MONARCHY, 1461-1540— The Reformation, 

1540-1603. 8vo. i6j. 
Vol. IIL— PURITAN ENGLAND, 1603-1660— The Re^lu- 

tion, 1 660- 1 688. With four Maps. 8vo. . idj. 
Vol. IV.— The Revolution, 1688- 1 760— Modeif^ lj:n$lai^d,i76o- 
18x5. With Maps and Index. 8vo. i6j. 
THE MAKING OF ENGLAND. With Maps. 8vo. l6i.- 
THE CONQUEST OF ENGLAND. With Maps and Portrait. 

8vo. 1 8 J. 
ANALYSIS OF ENGLISH HISTORY, based on Green's "Short 
History of the English People." By C. W. A. Tait, M. A., 
Assistant-Master, Clifton College. Crown 8vo. Jj. 6d. 
READINGS FROM ENGLISH HISTORY. Sdbctcd and 
Edited by John Richard Green. Three Parts. Globe 8vo. 
IS. 6d. each. I. Hengist to Cressy. II. Cressy to Cromwell. 
III. Cromwell to Balaklava. 

Guest.— Lectures on the history of ekgland. 

By M. J. Guest. With Maps. Crown Svo. 6s, 

Historical Course for Schools — ^EdHed by Edward a 

Freeman, D.C.L., LL.D., late Fellow of Trinity College, Oxford 

Regius Professor of Modern History in tte University of Oxford. 
L— general SKETCH OF EUROPEAN HISTORY. By 

Edward A. Freeman, D.C.L. New Edition, revised and 

enlarged, with Chronological Table, Maps, and Index. i8mo. $s. 6d. 
IL— HISTORY OF ENGLAND. By Edjth Thompson. New 
. Ed^, revised and enlarged, with Coloured' Maps. rSmo. 2i. 6d. 
IIL— HISTORY OF SCOTLAND. By Margaret MjiqarijjkvR. 

New Edition. l8mo. 2j. 
IV.— HISTOI^Y OF ITALY. By the Rev. W. Hunt,. M;.A. 

New Edition, with Coloured Maps. 1^0. V. 6d. 
v.— HISTORY OF GERMANY. I^ J- SmE, M;A. New 

Edition Revised. i8mo. 3J. 
VI.— HISTORY OF AMERICA. By John A.:THff%K. With 

Maps. i8mo. 4j. 6d. 
VII.— EUROPEAN COLONIES. By E. J, PxrNfi, M.A. "f^ldk 

Maps. i8mo. 4;. 6d, 
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Hiatorical Course for Schools^-cmHnued. 

Yin.— FRANCE. By Charlottb M. Yokge. Widi Maps. 

iSmo. 3 J. 6</. 
GREECE. By Edward A. Freeman, D.C.L. [In preparation, 
ROME. By Edward A. Freeman, D.C.L. [In preparation. 

History Primers^Editcd by John Richard Green, M. A., 

LL.D., Author of "A Short History of the English People." 
ROME. By the Rev. M. Creighton, M.A., Dixie Professor of 

Ecclesiastical History in the Uaiveisity of Cambridge, With 

Eleven Maps. i8mo. i^. 
GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 

University College, Oxford. With Five Maps. i8mo. is. 
EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 

With Maps. i8mb. . is, 
GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 

Illustrated. i8mo. is. * 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. iSmo. is. 
GEOGRAPHY. Bv Sir G. Grove, D.C.L. Maps. i8mo. is. 
ROMAN ANTIQUITIES. By Professor Wilkins, LHt.D., 

LL.D. Illustrated. i8mo. is. 
FRANCE. By Charlotte M. Yonge. i8mo. is. 

Hole. — A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev, C. Hole, On 
Sheet IS. 

Jennings— CHRONOLOGICAL tables, a synchronistic 
arrangement of the events of Ancient History (with an Index). 
By the Rev. Arthur C. Jennings, Rector of King's Stanley, 
Gloucestershire, Author of **A Commentary on the Psalms," 
*^Ecclesia Anglicana," ** Manual of Church History," &c. 
Svo. 5^. 

Labbertpn.— NEW historical atlas and general 

HISTORY. ByR. H. Labberton, Litt.Hum.D. 4to. New 
Edition Revised and Enlarged. 1$^. 

L^thbridge.— A SHORT manual of the history of 

INDIA. With an Account of India as irr is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
Public Works, and Industries ; the Civil Services, and System of 
Administration. By Sir Roper Lethbridge, M.A., CLE., late 
Scholar of Exeter College, Oxford, formerly Principal of Kishn-ighur 
CoU^e, Bengal, Fellow and s6metime Examiner of the Calcutta 
University. With Maps. Crown 8vo. $s. 

MahafFy.— GREEK life and thought FROM THE 
AGE OF ALEXANDER TO THE ROMAN CONQUEST. By 
the Rev. J. P. Mahaffy, M.A., D.D., Fellow of Trinity College, 
Dublin, Author of ** Social Life in Greece from Homer to Menan- 
der," '" Rambles and Studies in Greece," &c. Crown 8vo. I2s, 6d. 

Michel^fet.— A SUMMARY OF MODERN HISTORY. Trans- 
lated from the French of M. Michelet, and continued to the 
Piesent Time, by M. C. M. Simpson. Globe 8vo. 4;. 6iL 



54 MACMILLANS EDUCATIONAL CATALOGUE. 

Norgate.— ENGLAND UNDER THE ANGEVIN KINGS. 
By Kate Norgate. With Maps and Plans. 2 vols. 8vo. 32X. 

Ott^.— SCANDINAVIAN HISTORY. By E. C. Orrfe. With 
Maps. Globe 8vo. 6s. 

Seeley. — Works by T. R. Sebley, M.A., Regius Professor of 
Modem History in the University of Cambridge. 
THE EXPANSION OF ENGLAND. Crown 8vo. 4f. 6</. 

OUR COLONIAL EXPANSION. Extracts from the above. 
Crown 8vo Sewed, is. 

Tait.— ANALYSIS OF ENGLISH HISTORY, based on Green's 
** Short History of the English People." By C. W. A. TAIT, 
M.A., Assistant-Master, Clifton College. Crown 8vo, 3^, 6d. 

Wheeler. — a SHORT HISTORY OF INDIA AND OF THE 
FRONTIER STATES OF AFGHANISTAN, NEPAUL, 
AND BURMA. By J. Talboys Wheeler. With Maps. 
Crown 8vo. 12s. 

COLLEGE HISTORY OF INDIA, ASIATIC AND EURO- 
PEAN By the same. With Maps. Crown 8vo. 3^. 6d, 

Yonge (Charlotte M.). — cameos from ENGLISH 

HISTORY. By Charlotte M. Yonge, Author of "The Heir 
of RedclyfTe." Extra fcap. 8vo. New Edition. $s. each, (i) 
FROM ROLLO TO EDWARD II. (2) THE WARS IN 
FRANCE. (3) THE WARS OF THE ROSES. (4) REFOR- 
MATION TIMES. (5) ENGLAND AND SPAIN. (6) FORTY 
YEARS OF STUART RULE (1603— 1643). (7) THE RE- 
BELLION AND RESTORATION (1642— 1678.) [SAortfy, 

EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the Best Authorities. Edited and arranged by 
E. M. Sewell and C, M. Yonge. First Series, 1003 — 1154. 
New Edition. Crown 8vo. 6s. Second iSeries, 1088 — 1228. 
New Edition. Crown 8vo. 6s. 

THE VICTORIAN HALF CENTURY— A JUBILEE BOOK. 
With a New Portrait of the Queen. Crown 8vo., paper covers, is. 
Cloth, IS. 6d. 



LAW. 

Anglo-Saxon Law, Essays on. — Contents: Anglo-Saxon 
Law Courts, Land and Family I^w, and Legal Procedure. 
Medium 8vo. i8j. 

Ball.— THE STUDENTS GUIDE TO THE BAR. By 

• Walter W. R. Ball, M.A., of the Inner Temple, Barrister-at- 

l^aw ; Fellow and Assistant Tutor of Trinity College, Cambridge, 

and Fellow of University College, London. Fourth Edition 

Revised. Crown 8vo. is. 6d. 
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Bigelow. — HISTORY OF PROCEJ)URE IN ENGLANf) 
FROM THE NORMAN CONQUEST. The Norman Period. 
1066- 1204. By Melville Madison Bigelow, Ph.D., Harvard 
University. Demy 8vo. i6j. 

Bryce.— THE American Commonwealth. Bv tames 

Bryce, M.P., D.C.L., Regius Professor of Civil Law in the 
University of Oxford, Author of *' The Holy Roman Empire." 
In Three Volumes. Demy 8vo. 54J. Part I. THE 
NATIONAL government. Part II. THE STATE 
GOVERNMENTS. Part III. THE PARTY SYSTEM. Part 
IV. PUBLIC OPINION. Part V. ILLUSTRATIONS AND 
REFLECTIONS. Part VI. SOCIAL INSTITUTIONS. 

Buckland.— OUR national institutions, a Short 
Sketch for Schools. By Anna Buckland. New Edition. 
With Glossary. i8mo. is. 

Dicey. — LECTURES INTRODUCTORY TO THE STUDY 
OF THE LAW OF THE CONSTITUTION. By A. V. 
Dicey, B.C.L., of the Inner Temple ; Barrister-at-Law ; Vinerian 
Professor of English Law in the University of Oxford ; Fellow of 
All Souls*^ College; Hon. LL.D. Glasgow. Third Edition. 
De!ny Svo. 12s, 6d. {In the press, 

English Citizen, The.— -a Series of Short Books on his 
Rights and Responsibilities. Edited by Henry Craik, C.B., 
M.A. (Oxon.), LL.D. (Glasgow). Crown Svo. 3J. 6d. each. 

CENTRAL GOVERNMENT. By H. D. Traill, D.C.L., 

late Fellow of St. John's College, Oxford. 
THE ELECTORATE AND THE LEGISLATURE. By 

Spencer Walpole, Author of **The History of England from 

THE POOR LAW. By the Rev. T. W. Fowle, M.A. 

THE NATIONAL BUDGET; THE NATIONAL DEBT; 

TAXES AND RATES. By A. J. Wilson. 
THE STATE IN RELATION TO LABOUR. By W. Stanley 

Jevons, LL.D., F,R.S. 
THE STATE AND THE CHURCH. By the Hon. Arthur 

Elliot, M.P. 
FOREIGN RELATIONS. By Spencer Walpole. 
THE STATE IN ITS RELATION TO TRADE. By Sir 

T. H. Farrer, Bart., Permanent Secretary to the Board of 

Trade. 
LOCAL GOVERNMENT. By M. D. Chalmers, M.A. 
THE STATE IN ITS RELATION TO EDUCATION. By 

Henry Craik, C.B., M.A.. LL.D. 
THE LAND LAWS. By Sir F. Pollock, Bart, late Fellow of 

Trinity College, Camhridge, Professor of Jurisprudence in the 

University of Oxford, &c. Second Edition. 
COLONIES AND DEPENDENCIES. Part I. INDIA. By 

J. S. COTTON, M.A. IL THE COLONIES. By E. J. 

Payne, M.A. 
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English Citizen, Tbe^-^on/tnued. 

JUSTICE AND POLICE. By F. W. Maitland. 

THE PUNISHMENT AND PREVENTION OF CRIME. By 
Colonel Sir Edmund du Cane, K.C.B., R.E., Chairman of 
Commissioners of Prisons, Chairman of Directors of PrisoQS, 
Inspector- General of Military Prisons, Surveyor-General of 
Prisons. 

Holmes.— THE COMMON LAW. By O. W. Holmes, Jun. 
Demy 8vo. 12s, 

Maitland.— PLEAS OF the CROWN FOR THE COUNTY 
OF GLOUCESTER BEFORE THE ABBOT OF READING 
AND HIS FELLOW JUSTICES ITINERANT, IN THE 
FIFTH YEAR OF THE REIGN OF KING HENRY THE 
THIRD, AND THE YEAR OF GRACE 1221. Edited by 
F. W. Maitland. 8vo. 7^. 6d. 

(See also nnder English Citizen Series,) 

Paterson. — Works by James Paterson, Barrister-at-Law. 
COMMENTARIES ON THE LIBERTY OF THE SUBJECT, 
AND THE LAWS OF ENGLAND RELATING TO THE 
SECURITY OF THE PERSON. Cheaper Issue. Twp Vols. 
Crown 8vo. 21s. 
THE LIBERTY OF THE PRESS, SPEECH, AND PUBLIC 
WORSHIP. Being Commentaries on the Liberty of the Subject 
and the Laws of England. Crown 8vo. I2J. 

Phillimore.— PRIVATE LAW AMONG THE ROMANS. 
From the Pandects. By John George Phillimore, Q.C. 
8vo. 16s, 

Pollock.— ESSAYS IN JURISPRUDENCE AND ETHICS. 
By Sir Frederick Pollock, Bart., Barrister-at-Law, M.A., 
Hon. LL.D. Edin. ; Corpus Christi Professor of Jurisprudence in 
the University of Oxford ; late Fellow of Trinity College, 
Cambridge. 8vo. ray. 6d, 

(See also under English Citizen Series.) 

Richey.— THE IRISH land laws. By Alexander G. 
RiCHEY, Q.C, LL.D., Deputy Rejgius Professor of Feudal 
English Law in the University of Dublin. Crown 8vo. 3^. 6d» 

Stephen. — Works by Sir J. Fitzjames Stephen, Q.C, K.C.S.L, 
a Judge of the High Court of Justice, Queen's Bench Division. 

A DIGEST OF THE LAW OF EVIDENCE. Fifth Edition, 

revised and enlarged. Crown 8vo. 6s. 
A DIGEST OF THE CRIMINAL LAW: CRIMES AND 

PUNISHMENTS. Fourth Edition, revised. 8vo. i6s. 

A DIGEST OF THE LAW OF CRIMINAL PROCEDURE 
IN INDICTABLE OFFENCES. By Sir James F. Stephen, 
K.C.S.I., &C., and Herbert Stephen, LL.M., of the Inner 
Temple, Barrister-at-Law. 8vo. 12s, 6d, 
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Stephe n. — continued. 

A HISTORY OF. THE CRIMINAL LAW OF ENGLAND. 
New and Revised Edition. Three Vols. 8vo. 48J. 

GENERAL VIEW OF THE CRIMINAL LAW OF ENGLAND. 
Second Edition. 8vo. The first edition of this work was pub* 
lished in 1863. The new edition will be substantially a new 
work, intended as a text-book on the Criminal Law for University 
and other Students, adapted to the present day. \/n tJie press. 



MODERN LANGUAGES AND 

LITERATURE. 

(I) English, (2) French, (3) Crerman, (4) Modern 
Greek, (5) Italian, (6) Spanish* 

ENGLISH. 

Abbott. — A SHAKESPEARIAN GRAMMAR. An attempt to 
illustrate some of the Differences between Elizabethan and Modem 
English. By the Rev. E. A. Abbott, D.D., formerly Head 
Master of the City of London School. New Edition. Extra fcap. 
8vo. dr. 

Bacon. — essays. Edited by F. G. Selby, M.A., Professor of 
Logic and Moral Philosophy, Deccan College, Poona. Globe 8vo. 

Burke.— REFLECTIONS ON THE FRENCH REVOLUTION. 
Edited by F. G. Selby, M.A. Globe 8yo. [In preparation. 

Brooke. — primer of English literature. By the 

Rev. Stopford A. Brooke, M.A. iSmo. ix. {Literature Primers.) 

Butler« — HUDIBRAS. Edited, with Irtroduction and Notes, by 
Alfred Milnes, M.A. Lon., late Student of Lincoln College, 
Oxford. Extra fcap Svo. Part I. 3J. 6d. Parts II. and IIL 41. id, 

Campbell. — selections. Edited by Cecil M. Bareow, 
M.A., Principal and Professor of English and Classics, Doveton 
College, Madras. {In preparation, 

Cowper's TASK: AN EPISTLE TO JOSEPH HILL, ESQ. ; 
tirocinium, or a Review of the Schools ; and THE HIS- 
TORY OF JOHN GILPIN. Edited, withNotes, by William Ben- 
ham, B.D. Globe Svo. II. {Globe Reeidings from Standard Authors,) 
THE TASK. Edited by W. T. Webb, M. A., Professor of English 
Literature, Presidency College, Calcutta. [In preparation, 

Dowden. — SHAKESPEARE. By Professor Dowden. i8mo. 

Ij. {Literature Primers,) 
Dryden. — SELECT PROSE WORKS. Edited, with Introduction 

and Notes, by Professor C. D. YoNGS. Fcap. Svo. zs, 6d, 

/2 
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Gladstone.— SPELLING reform from AN EDUCA. 

TIONAL POINT OF V1E!W. By 1. H. Gladstone, Ph.D., 

F.R.S., Member of the School Boaid for London* New Edition. 

Crown 8vo. is. 6d. 
Globe Readers. For standards I.— VI. Edited by A. F. 

MuRisoN. Sometime English Master at the Aberdeen Grammar 

School. With Illustrations. Globe 8vo. 



Primer 1. (48 pp.) 3</. 

Primer II. (48 pp.) 3^. 

Book I. (96 pp.) 6d. 

Book II. (136 pp.) gd. 



Book III. (232 pp.) Is. 3</. 
Book IV. (328 pp.) is. gj. 
Book V. (416 pp.) 2s. 
Book VI. (448 pp.) 2s. 6d. 



'* AftMkigj^he numerous sets of reitOerS befi>re die public the present aeries is 
honoutatiy ' distl^KUiithed by the maurked superisilty of its materials and the 
careful ability with which they have been adapted to the ^rowing^ capacity of the 
pupils. The plan of the two primers is excellent for facifatating the child's first 
attempts to read. In the first three following books there is abundance of enter- 
taining reading Better food for young minds could hardly be found."— 

Thb Athek^uh. 

♦The Shorter Globe Readers.— With illustrations. Glob<* 

8vo. 



Standard IIL (178 PP.) I*. 
Standard IV. (182 pp.) U. 
Standard V. (216 pp.) i^. 3<^. 
Standard VI. (228 pp.) U, 6d, 
* This Series has been abridged from *< The Globe Readers" to meet the demand 



Primer I. (48 pp.) 3^. 
Primer II. (48 PP.) 3^- 
Standaid I. (92 PP) 6</. 
Standard II. (124 pp.) 9^- 



or smaller reading bo<^s. 

Goldsmith. — THE TRAVELLER, or a Prospect of Society ; 
and THE DESERTED VILLAGE. By OLIVER Goi«t>SMn'B. 
With Notes, Philological and Explanatory, by J. W. Halss> M.A. 
Crown 8vo. 6d. 

THE VICAR OP WAKEFIELD. With a Memoir of Goldsmigl 
by Professor Masson. Globe 8vo. is, {Globe Readings from 
Sta ndard Authors. ) 

SELECT ESSAYS. Edited, with Introduction and Notes, by 
Professor C. D. Yonge. Fcap. 8vo. 2s, 6d. 

THE ' TRAVELLER AND THE DESERTED VltLAGK 
Editdd ' by ARTHtnt Barrett, B.A., Professor of English Litera- 
ture, ElpAinstone College, Bombay. Globe 8vo. is. 6d. 

TH« VICAR OF WAKEFIELD. Edited by Harold Lhtle- 
DALE, B.A., Professor of History and English Literature, Baroda 
Collie. Globe 8vo. \In preparation. 

Goase.— A history of eighteenth century li1> 

ERATURE (1660-1780). By Edm^^nd Gosse, Clark Lecturer in 
Etll^Uflh literatofe at Trinity College, Cambridge. Crtfwii 8vo. 
7j/ 6<ft 

Qrayi — poems. ByJoHNBRAOSHAW, LL.D. [In preparation. 

Ff&!^S.< — LONGER ENGLISH POEMS, with Notes, Philolo^<^ 
and Explanatory, anA an Introduction "on the Teaching of EnglfenJ 
Chiefly for Use in Schools. Edited by J. W. Hales, M.A., 
Pi^ofeteOr of Bi^lish Lk«rat«re at ^King^s College, Londtn. Nd\t 
Editioft. Extra rfeat). S^< 4t. 6d.. 
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Helps. — ESSAYS WRITTEN .IN THE JNTERVALS OF 

BUSINESS. Edited by F. J.-^Rowe, M.A., and W. T. .Webb, 
M.A., Professors of English Literature, Presic^ncy Collie, 
Calcutta. Globe 8vo. 2j. 6d, [In the press, 

Johnson's lives of the poets. The Six Chief LiTcs 

(Milton, Dryden, Swift, Addison, Pope, Gray), with Macaula^s 
'* Life of Johnson." Edited with Preface and Notes by Matxhkw 
Arnold. New anc) cheaper edition. Crown 8vo. 4J. 6d, 

Lamb (Charles).— TALES FROM SHAKESPEARE. Edited, 
with Preface, by the Rev. Canon Ainger, M.A. Globe 8to. 
2j. {Globe Readings from Standard Authors,) 

Literature Primers — Edited by John Richard Green, 
M. A., LL.D., Author of ** A Short History of the English People." 

ENGLISH COMPOSITION. By Professor Nichol. i8mo. rs, 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., some- 
time Presiflent of the Philological Society. iSmo. i^. 

ENGLISH GRAMMAR EXERCISES. By R. MoRRis, LL.D., 
and H. C. Bowen, M.A. i8m.o. u, 

EXERCISES ON MORRIS'S PRIMER OF ENGLISH 
GRAMMAR. By John Wetherell, of the Middle School, 
Liverpool College. i8mo. u. 

ENGLISH LITERATURE. By Stopford Brooks, M*A. New 
Edition. ' i8mo. u. 

SHAKSPERE. By Professor Dowden. i8mo. \s, 

THE CHILl^iEN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged with Notes by Francis Turner Pal- 
grave, tn Two Parts. i8mo. u. each. 

PHILOLOGY. By J. Peile, M.A. i8mo. w. 

A History of English LiteiMurein Four Volumes. 

Crown 8vo. 

EARLY ENGLISH LITERATURE. By Stopford Brooke, 

M. A. \ln prfwafi^n, 

ELIZABETHAN LITERATURE. By George Saintsbury. 

7^. 6d. 
. EIGHTEENTH CENTURY LITERATURE. 1660— 1 780. By 

Edmund Gosse. M.A. *js, 6d. 
THE MODERN PERIOD. By ProfeJ^SOR E. Dowj>en. .y«:/H^ 
Macmillan's Reading Boaks*-^Adapted to the English and 
Scotdi Codes. Bound in Cloth. 



PRIMER. i8mo. (48 pp.) 2d. 
BOOK I. for Standard I. i8mo. 

(96 pp.) 4^. 
BOOK rl. for Standard II. i8mo. 

(144 pp.) Sd. 
BOOK V. for Standard V. i&no. 

{380.PP.) IS, 



BOOK III. for StBiidard» IIL 
i8mo. {i6opp.) 6d. '■ 

•BOOK IV. for Staddapcl IV 

i8mo. (176 pp.) 8i/. 
:BOOK VI. fOT Standard Vli'j<0c. 
8vo. {430 pp*) 2s, . 



Book VI. is fitted for higher Classes, and as an Introduction to 

English Literature. 
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Macmillan's Copy-Books — 

Pabfished in two sizes, yu. :— 

1. Large Post 4to. Price 4d, each. 

2. Post Oblong. Price 2d. each. 

I. INITIATORY EXERCISES AND SHORT LETTERS. 

t. WORDS CONSISTING OF SHORT LETTERS 
H. LONG LETTERS. With Words containing Long Letters— Figures. 
•4. WORDS CONTAINING LONG LETTERS. 
4a. PRACTISING AND REVISING COPY-BOOK. ForNos. rto». 
♦5. CAPITALS AND SHORT HALF-TEXT. Wbrds beginning with a Capital. 
*6. HALF-TEXT WORDS beginning with Capitals— Figures. 
•7. SMALL-HAND AND HALF-TEXT. With Capitals and Figures. 
♦8. SMALL-HAND AND HALF-TEXT. With Capitals and Figures. 
8a. PRACTISING AND REVISING COPY-BOOK. For Nos. 5 to 8. 
•o. SMALL-HAND SINGLE HEADLINES-Fignres. 
10. SMALLrHAND SINGLE HEADLINES -Figures. 
IX, SMALL-HAND DOUBLE HEADLINES— Figures. 
la. COMMERCIAL AND ARITHMETICAL EXAMPLES. &c. 
saa. PRACTISING AND REVISING COPY-BOOK. For Nos. 8 to la. 
* TAese numbers may be kad with GoodmarCs Patent Sliding 
Copies, Lsirge Post 4to. Price 6v/. each. 

Martin* — the poet's HOUR : Poetry selected and arranged for 
Childrai. By Frances Martin. New Edition. i8mo. 2j. 6d. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. New Edilion. i8mo. 3^ 6d, 

Milton. — By Stopford Brooke, M.A. Fcap. 8vo. i/. 6d, 
{Classical Writers Series.) 

Milton.— PARADISE LOST. Books I. and IL Edited, with 
Introduction and Notes, by Michael Macmillan, B.A. Oxon, 
Professor of Logic and Moral Philosophy, Elphinstone College, 
Bombay. Globe 8vo. 2s. 6d. Book I. separately is. 6d. 

L'ALLEORO, IL PENSEROSO, LYCIDAS, ARCADES. 

SONNETS, &c. Edited by William Bell, M.A., Prof, of 
Philosophy and Logic, Government College, Lahore. ^ 

[In the press. 
COMUS. ^y the same Editor. [In preparation, 

SAMSON AGONISTES. By H. M. Percival, M.A., Professor 
of English Literature, Presidency College,^ Calcutta. 

[In preparation, 

Morley. — ON THE STVDY of literature. The Annual 
Address to the Students of the London Society for the Extension 
of University Teaching. Delivered at the Mansion House, 
February 26, 1887. By John Morley. Globe 8vo. Cloth, is. ^d, 

• Also a Popular Edition in Pamphlet form for Distribution^ price 2d. 
APHORISMS. By the same. Being an Address delivered before 
the Philosophical Society of Edinburgh, November ii, 1887. 
GJobe 8vo. is, 6d, 

Morris. — Works by the Rev. R. MoRRis, LL.D. HISTORICAL 
OUTLINES OF ENGLISH ACCIDENCE, comprismg Chapters 
on the History and Development of the Language, and on Word* 
formation. New Edition. Extra fcap. 8vo. &, 
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M orris — continued. 

ELEMENTARY LESSONS IN HISTORICAL ENGLISH 
GRAMMAR, containing Accidence and Word-formation. New 
Edition. i8mo. 2i. 6d. 

PRIMER OF ENGLISH GRAMMAR. i8mo. u. (See also 
Literature Primers,) 

Morris and Kellner.— HISTORICAL OUTLINES OF 

ENGLISH SYNTAX. Being a Companion Voluir.e to the 
above, by Rev. R. Morris and Dr. L. Kbixner. \^In preparation. 

Oliphant.— THE OLD AND MIDDLE ENGLISH. A New 

Edition of "THE SOURCES OF STANDARD ENGLISH," 

revised and greatly enlarged. By T. L. Kington Oliphant. 

Extra fcap. 8vo. 9/. 

THE NEW ENGLISH. By the same Author. 2 vols. Cr. 8vo. 2ij. 

Palgrave. — the children's treasury of lyrical 

POETRY. Selected and arranged, with Notes, by Francis 
Turner Palgrave. i8mo. zs, 6</. Also in Two Parts, is. each. 

Patmore. — the children's garland from the 

BEST poets. Selected and arranged by Coventry Patmore. 
Globe 8vo. 2x. {Globe Readings from Standard Authors.) 
Plutarch. — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, AAith Introductions, 
Notes, Index of Names, and Glossarial Index, by the Rev. W. 
"W. Skeat, M.A. Crown 8vo. 6j. 

Rylands.— chronological outlines of englkh 

LITERATURE, by F. Rylands. [/« preparation. 

Saintsbury.— A HISTORY OF ELIZABETHAN LITERA- 
TURE. By George Saintsbury. Cr. 8vo. 7j. 6(/. 

Scott's (Sir Walter) lay of the last minstrel, 

and THE LADY OF THE LAKE. Edited, with Introduction 

and Notes, by Francis Turner Palgrave. Globe 8vo. is. 

{Globe Readings from Standard Atithors.) 
MARMION ; and THE LORD OF THE ISLES. By the same 

Editor. Globe 8 vo. is. (Globe Readings from Standard Atithors.) 
MARMION. Edited, with Introduction and Notes, by M. Mac- 

MILLAN, B. a. Oxon, Professor of Logic and Moral Philosophy, 

Elphin^tone Colleore, Bombay. Globe 8vo. 3J. 6d. 
THE LADY OF THE LAKE. Edited by G. H. Stuart, M.A., 

Professor of English Literature, Presidency College, Madras. 

Globe 8vo. [In preparation. 

THE LAY OF THE LAST MINSTREL. By the same Editor. 

Globe 8vo. \In preparation. 

ROKEBY. By Michael Macmillan, B.A. Globe 8vo. 3x. dd. 

Shakespeare. — a Shakespearian grammar. By Rev. 

E. A. Abbott, D.D., Head Master of the City of London School. 
Globe 8vo. dr. 
A SHAKESPEARE MANUAL. By F. G. Fleay, M.A., late 
Head Master of Skipton Grammar School. Second Edition. 
Extra fcap. 8vo. 4r. (>d. 
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Sh ake speare — continued. 
PRIMER OF SHAKESPEARE. By Professor Dqwden. i8mo. 

is. (Literature Primers.) 
MUCH ADO ABOUT NOTHING. Edited by K. Dmghton, 

M.A., late Principal of Agra College. Globe 8vo. 2J. 
HENRY V. By the same Editor. Globe 8vo. 2s, 6d. 
THE WINTER'S TALE. By the same Editor. Globe 8vo. 2J. 6d. 
CYMBELINE. By the same Editor. Globe 8vo. [In the press. 
OTHELLO. By the same Editor. Globe 8vo. [fn the press. 

KING JOHN. By the same Editor. [In preparation^ 

THE TEMPEST. By the same Editor. [In preparation, 

RICHARD IIL Edited by C. H. Tawney, M. A., Principal and 

Professor of English Literature, Elphinstone College, Calcutta. 

Globe 8vo. 2s. 6d. 
JULIUS C^SAR. By the same Editor. [In preparation, 

Sonnenschein and Meiklejohn. — THE ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonnen- 
schein and J. M. D. Meiklejohn, M. A. Fcap. 8vo. 

COMPRISING : 

THE NURSERY BOOK, containing all the Two-Letter Words 

in the Language, id. (Also in Large Type on Sheets for 

School Walls. 5j.) 
THE FIRST COURSE, consisting of Short Vowels with Single 

Consonants. 6d. 
THE SECOND COURSE, with Combinations and Bridges, 

consisting of Short Vowels with Double Consonants. 6d, 
THE THIRD AND FOURTH COURSES, consisting of Long 

Vowels, and all the Double Vowels in the Language. 6d. 
*' These are admirable books, because they are constructed on a principle, and that the 
simplest principle on which it is possible to learn to read English." — Spectator. 

Southey.— LIFE OF NELSON. Edited by Michael 
Macmillan, B.A. [In preparation, 

Taylor.— WORDS AND PLACES; or, Etymological Illustra- 
tions of History, Ethnology, and Geography. By the Rev. 
Isaac Ta.ylor, M.A., Litt. D., Hon. LL.D., Canon of York. 
Third and Cheaper Edition, revised and compressed. With Maps. 
Globe 8vo. 6s, 

Tennyson.— The COLLECTED WORKS of LORD TENNY- 
SON, Poet Laureate. An Edition for Schools. In Four Parts. 
Crown 8vo. 2s. 6d, each. 

SELECTIONS FROM LORD TENNYSON'S POEMS. Edited 
with Notes for the Use of Schools. By the Rev. Alfred 
AiNGER, M.A., LL.D., Canon of Bristol. [In preparation. 

SELECT POEMS OF LORD TENNYSON. With Introduction 

and Notes. By W. T. Webb, M.A., and F. J. RoWE, Prpfessocs 

of English Literature, Presidency College, Calcutta. Globe 8vb. 

3^. 6d. 

This selection contains : — " Recollections of the Arabian Nights," "The Lady of 

Shalott," "Oenone," "The Lo%^s Eaters," "Ulysses," ^* Tithonus;" '" Morte 

d'Arthur," "Sir Galahad," "Dora," "Ode on the Death of the Duke o! 

Wellington," an4 ** The Revenge." 
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Thring ^THE ELEMENTS OF GRAMMAR TAUGHT IN 

ENGLISH. By Edwakd Thring, M,A., late Head Master of 
Uppingham. With Questions. Fourth Edition. i8mo. 2s. 

Vaughan (CM.).— WORDS from the poets. By 

C. M. Vaughan. New Edition. i8mo, cloth, is. 

Ward.— THE ENGLISH POETS. Selections, with Critical 
Introductions by various Writers and a General Introduction by 
Matthbw Arnold. Edited by T. H. Ward, M.A. 4 Vols. 
Vol. I. CHAUCER TO DONNE.— Vol. IL BEN JONSON 
TO DRYDEN.— Vol. IIL ADDISON to BLAKE.— Vol. IV. 
WORDSWORTH to ROSSETTI. Crown 8vo. Each Js. 6^. 

Wetherell— EXERCISES on morris'S primer of 

ENGLISH grammar. By John Wkthkrell, M.A. 
l8mo. If, {Literature I^imers.) 

Woods.— A FIRST POETRY BOOK. Compiled by M. A. 
Woods, Head Mistress of the Clifton High School for Girls. 
Fcap. 8vo. 2 J. 6d. 

A SECOND POETRY BOOK. Compiled by the same. Fcap. 
8vo. 4f. 6d. 

A THIRD POETRY BOOK. Compiled by the same. Fciip. 
8vo. 4r. 6d, 

Wordsworth.— SELECTIONS. Edited by William Words- 
worth, B.A., Principal and Professor of History and Politi^l 
Economy, Elphinstppe College, Bombay. [In preparation. 

Yonge (Charlotte M.). — the abridged book of 

GOLDEN DEEDS. A Reading Book for Schools and general 
readers. By the Author of ** The Heir of RedclyfFe." i8mo, 
doth. IJi. Globe Riadingi Bditim^ Globe 8vo. 2J* 



FRJJNCH. 
B^aumarchais.— LE barbier de Seville. Edited, 

with .Introdu|C^ion and Notes, by L. P. Blouet, Assistant Master 
in St. Paul's School. Fcap. 8vo. 3^. 6^. 

Bawen.— FIRST lessons in French. By h. (i)UR- 

TROPX BowEN, M.A., Principal of the Finsbury Training College 
for Higher and Middle Schools. Extra fcap. 8vo. \s, 

Breymann. — ^Works by Hermann Breymann, Ph.D., *Pro- 
ies^or of I^hilology in Ae University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vo. 41. 6^. 

.FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 4J, 6^. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo. 2f. 6^. 
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Fasnacht. — Works by G. EuGfeNK Faskacht, Author of " Mae- 
millan's Progressive French Course," Editor of '' MacmiUan's 
Foreign School Classics," &c. 

THE ORGANIC METHOD OF STUDYING LANGUAGES. 
Extra fcap. 8vo. I. French, ^j. 6d. 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. 
Crown 8vo. $s. dd, ' 

GRAMMAR AND GLOSSARY OF THE FRENCH LAN- 
GUAGE OF THE SEVENTEENTH CENTURY. Crown 
8vo. \In preparation, 

Macmillan's Primary Series of French Reading 

• B OOks . — Edited by G. E ugene Fasnacht, formerly Assistant- 
Master in Westminster School. With Illustrations. Globe 8vOi 

CORNAZ—NOS ENFANTS ET LEURS AMIS. Par Su- 
zanne CoRNAZ. Edited by Edith Harvey. With Notes, 
Vocabulary, and Exercises. Globe 8vo. u. dd, 

DE MAISTRE-7-LA JEUNE SIB^RIENNE ET LE L^PREUX 
DE LA CITE D'AOSTE. Edited, with Introduction, Notes, 
and Vocabulary. By Stephane Barlet, B.Sc. Univ. Gall, and 
London ; Assistant-Master at the Mercers* School, Examiner to 
the College of Preceptors, the Royal Naval College, &c. u. 6^. 

FLORIAN— FABLES. Selected and Edited, with Notes, Vocabu- 
lary, Dialogues, and Exercises, by the Rev. Charles Yeld, M. A., 
Head Master of University School, Nottii^ham. Illustrated, i^. 6aC 

LA FONTAINE— A SELECTION OF FABLES. Edited, with 
Introduction, Notes, and Vocabulary, byL. M. Moriarty, B.A., 
Professor of French in King's Collie, London. 2j. 

MOLESWORTH.— FRENCH LIFE IN LETTERS. By Mrs. 
MoLESWORTH. With Notes, Vocabulary, and Exercises, u, 6d. 

PERRAULT— CONTES DE F6ES. Edited, with Introduction. 
Notes, and Vocabulary, by G. E. Fasnacht. New Edition with 
Exercises, is. 6d, 

(See also German Authors^ page 77.) 

Macmillan's Progressive French Course. — By G. 

EuGi:N£ Fasnacht, formerly Assistant-Master in Westminster 
School. 
I. — First Year, containing Easy Lessons on the Regular 

Accidence. New and thoroughly revised Edition. Extra fcap. 

8vo. IS, 
II. — Second Y^AR, containing an Elementary Granxmar with 

copious Exercises, Notes, and Vocabularies. A new Edition, 

enlarged and thoroi^faly revised. Extra fcap. 8vo. 2x. 
III. — Third Year, containing a Systematic Sjmtax, and Lessons 

in Composition. Extra fcap. 8vo. 2r. 6d, 
THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGRESSIVE FRENCH COURSE. With Copious Notes, 
Hints for Different Renderings, SynonymSi Philological Remarks, 
&c. By G. E. Fasnacht. Globe 8vo. Ptrsi Year 4^. 6iC, 
Second Vear^, 6rf., Third Year ^. 6d, 
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Macmillan's French Composition. — By G. E. Fas- 

NACHT. Part I. Elementary. Extra Fcap. 8to. 2s, 6d. [Ready, 
Part n. Advanced. [Part II. in the press. 

THE TEACHER'S COMPANION TO MACMILLAN'S 
COURSE OF FRENCH COMPOSITION. By G. Eugtene 
Fasnacht. First Course. Extra fcap. 8vo. 4j. 6d. 

Macxnillan's Progressive French Readers. By 

G. EuGfeNE Fasnacht. 

I. — ^FiRST Year, containing Tales, Historical Extracts, Letters, 
Dialogues, Ballads, Nursery Soncs, &c. , with Two Vocabularies : 
(i) in the order of subjects ; [2) in alphabetical order, A new 
and thoroughly revised Edition, with Imitative Exercises. Extra 
fcap. 8vo. 2f. 6d. 

II. — Second Year, containing Fiction In Prose and Verse, 
Historical and Descriptive Extracts, Essays, Letters, Dialogues, 
&c. New Edition, with Imitative Exercises. Extra fcap. 8vo. 
2J. 6d, 

Macmillan's Foreign School Classics. Edited by G. 

EuGfeNE Fasnacht. i8mo. 

FRENCH. 
CORNEILLE— LE CID. Edited by G. E. Fasnacht. 1$. 

DUMAS- LES DEMOISELLES DE ST. CYR. Edited by 
Victor Oger, Lecturer in University College, Liverpool, is. (id. 

LA FONTAINE'S FABLES. Books I.— VI. Edited by L. M. 
MoRiARTY; B. A., Professor of French in King's College, London. 

[In preparation. 
MOLIJ^RE— L'AVARE. By the same Editor, is. 

MOLlfeRE— LE BOURGEOIS GENTILHOMME. By the same 
Editor, is, 6d. 

MOLlfiRE— LES FEMMES SAV ANTES. By G. E. Fasnacht. 

MOLlfeRE— LE MISANTHROPE. By the same Editor, is. 

MOLlfeRE— LE MfeDECIN MALGRE LUI. By the same 

Editor. IS. 
RACINE— BRITANNICUS. Edited by EuGfeNE Pelltssier, 

Assistant'Master in Clifton CoU^;e, and Lecturer in University 

College, Bristol. 2s. 
FRENCH READINGS FROM ROMAN HISTORY. Selected 

from Various Authors and Edited by C. Colbeck, M.A,, late 

Fellow of Trinity College, Cambridge; Assistant-Master at 

Harrow. 4;. 6d, 
SAND, GEORGE— LA MARE AU DIABLE. Edited by W. K 

Russell, M.A., Assistant-Master in Haileybury College, is. 
SANDEAU, JULES-MADEMOISELLE DE LA SEIGLIERE, 

Edited by H. C. Steel, Assistant-Master in Winchester College. 

IS. 6d. 
THIERS'S HISTORY OF THE EGYPTIAN EXPEDITION. 

Edited by Rev. H. A, Bull, M.A. Assistant-Master in 

Wellington College. [In preparation. 
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Macmillan's Foreign School Classics {amiinugdy^ 

VOLTAIRE— CHARLES XII. Edited by G. E. Fasnacht. 3j.6</. 

%* Other volumes to follow. 
(See also German Authors^ page 77.) 

Masson (Gustave).— a COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-EngUsh and English- 
French). Adapted' from the Dictionaries of Professor Alfre[> 
Elwall. Followed by a List of the Principal Diverging 
Derivations, and preceded by Chronological and Historical Tables. 
By Gustave Masson, Assistant- Master and Librarian, Harrow 
School. New Edition. Crown 8vo. ts, 

Moliere.— LE MALADE IMAGINAIRE. Edited, with Intror 
dnction and Notes» by Francis Tarver, M.A., Assistant-Master 
at Eton. Fcap. 8vo. 2J. 6</. 

(See aJso Macmillan's Foreign School Classics.) 

Pellissier.— FRENCH ROOTS AND THEIR FAMILIES. A 
Synthetic Vocabulary, based upon Derivations, for Schools and 
Candidates for Public Examinations, By Eugene Pellissier, 
M.A., B.Sc, LL.B., Assistant- Master at Clifton College, Lecturer 
at University College, Bristol. Globe 8vo. 6s. • 



GERMAN, 
Hubs,— A system of oral instruction in German, 

by means of Progressive Illustrations and Applications of the 
leading Rules of Grammar. By Hermann C. O. Huss, Ph.D. 
Cxown 8vo. ^s. 

MacmiUan's Progressive German Course. By G. 

EuGtNE Fasnacht. 
Part I. — First Year. Easy Lessons and Rules on the Regular 

Accidence. Extra fcap. 8vo. is. 6d. 
Part II.-*'Second Year. Conversational Lessons in Sjrstematic 

Accidence and Elementary Syntax. With Philological Illustrations 

and Etymological Vocabulary. New Edition, enlarged «nd 

thoroughly recast. Extra fcap. ^vo. 3^. 6d, 
Part III. — Third Year. [In f reparation^ 

TEACHER'S COMPANION TO MACMILLAN'S PROGRES- 
SIVE GERMAN COURSE. With copious Notes, Hints for 
Different Renderings, Synonyms, Philological Remarks, &c. B) 
G. E. Fasnacht. Extra Fcap. 8vo. First Year. 4?. 6d, 

Second Year. 4^. 6^. 

MacmiUan's Progressive German Readers. By 
G. E. Fasnacht. 
I. — First Year, containing an Introduction to the German order 
of Words, with Copious Exampljes, extracts from German Authors 
in Prose and Poetry ; Notes, and Vocabularies. Extra Fcap. 8vo. , 
2s. 6d. 
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Macmillan's Primary Genxxan Reading- Bt>okSv 

(See also French Autfufrs, page 74.) 

GRIMM— KINDER UND HAUSMARCHEN. Selected and 
Edited, with Notes, and Vocabulary, by G. E. Fasnacht. New 
Edition, with Exercises. 2s. 6d, 

HAUFF.— DIE KARAVANE. Edited, with Notes and Vo<»bu- 
lary, by Herman Hager, Ph.D. Lecturer in the Owens College, 
Manchester. New Edition, with Exercises, arranged by G. E, 
Fasnacht. 3j. 

SCHMIDT, CHR. VON.— H. VON EICHENFELS. Edited, 
with Notes, Vocabulary, and Exercises, by G. E. Fasnacht. 

[In the press, 

Macmillan*s Foreign School Classics. Edited by 

G. EuGfeNE Fasnacht, i8mo. 

GERMAN. 

FREYTAG (G.).— DOKTOR LUTHER. Edited by Francis 
Storr, M.A., Head Master of the Modem Side, Merchant Tay^ 
lors* Sch6ol. [In preparation, 

GOETHE— GOTZ VON BE'RLICHINGEN. Edited by H. A. 
Bull, M. A., Assistant Master at Wellington College. 2s, 

GOETHE— FAUST. Part I., followed by an Appendix on Part 
II. Edited by Jane Lee, Lecturer in German Literature at 
Newnham College, Cambridge. 4J. 6d. 

HEINE— SELECTIONS FROM THE REISEBILDER AND 
OTHER PROSE WORKS. Edited by C. ColbeciC, MrA.', 
Assistant-Master at Harrow, late Fellow of Trinity College, 
Cambridge, 2j. 6d, 

. LESSING.— MINNA VON BARNHELM. Edited by James 
Sime, M.A. [In pripdfuiion, 

SCHILLER— SELECTIONS FROM SCHILLER'S LYRICAL 
POEMS. Edited, with Notes and a Memoir of Schiller, by E. J. 
Turner, B.A., and E. D. A. Morshead, M.A. Assistant- 
Masters in Winchester College^ 2j. dd. 

SCHILLER— DIE JUNGFRAU VON ORLEANS. Edited by 

Joseph Gostwick. zs, 6d. 
SCHILLER— MARIA STUART. Edited by C. SheldoN, M.'A., 

D.Litv, of the Royal Academical Institution, Belfast. 2s.6di 

SCHILLER— WILHELM TELL. Edited by G. E. Fasnacht, 

2s. 6d, 
SCHILLER.— WALLENSTEIN. Part L DAS LAGER. Edited 

bv H B Cotter ILL M A 2s 
UHLAND-^ELECT BALLADS*: Adapted as a First Easy Read- 
ing Bdok 'for Beginners; With Vocabulary; Edited by G; E. 
Fasnacht. is. 

*#* Other Volumes ta follow, 
(See also French Authors^ page 75.) 
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PylodCt.— NEW GUIDE TO GERMAN CONVERSATION ; 

containing an Alphabetical List of nearly Soo Familiar Words ; 

followed by Exercises ; Vocabulary of Words in frequent use ; 

Familiar Plu^ses and Dialogues ; a Sketch of German Literatoret 

Idiomatic Expressions, &c. By L. Pylodet. iSmo, cloth limp. 

2s. 6d, 
Whitney. — ^Works by W. D. Whitney, Professor of Sanskrit 

and Instructor in Modem Languages in Yale College. 
A COMPENDIOUS GERMAN GRAMMAR. Crown 8vo. 45. 6*/. 
A GERMAN READER IN PROSE AND VERSE. With Notes 

and Vocabulary. Crown 8vo. 5^. 

Whitney and Edgren. — a COMPENDIOUS German 

AND ENGLISH DICTIONARY, with Notation of Correspoa- 
dences and Brief Etymologies. By Professor W. D. Whitnev, 
assisted by A. H. Edgren. Crown 8vo. Js. &(f, 
THE GERMAN-ENGLISH PART, separately, 5^. 

MODERN GREEK. 

Vincent and Dickson. — handbook TO MODERN 

GREEK. By Sir Edgar Vincent, K.C.M.G. and T. G. 
Dickson, M.A. Second Edition, revised and enlarged, with 
Appendix on the relation of Modern and Classical Greek by 
Professor Jebb. Crown 8vo. 6s, 

ITALIAN. 

Dante. — the purgatory of DANTE. Edited, with 
Translation and Notes, by A. J. Butler, M.A., late Fellow of 
Trinity College, Cambridge. Crown 8va 12s, 6d, 
THE PARADISO OF DANTE. Edited, with Translation and 
Notes, by the same Author. Crown 8vo. 12^. 6d. 

SPANISH. 

Calderon. — FOUR plays of CALDERON. Edited, with 
Introduction and Notes, by Norman MacColl, M.A., late 
Fellow of Downing College, Cambridge. Crown 8vo. 14J. 
The four plays here given are El Principe ConsianU, La Vida it 

SuenOf El Alcalde de Zatamea^ and El Escondidoy La Tapada, 

DOMESTIC ECONOMY. 

Barker.-FIRST LESSONS IN THE principles OF 
COOKING. By Lady Barker. New Edition. i8mo. w. 

Berners.— FIRST LESSONS ON health. By J. Bbrners. 
New Edition. iSmo. u. 

Pawcett.— TALES IN POLITICAL ECONOMY, By Milu- 
cent Garrett Fawcett. Globe 8vo. y. 
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Frederick,— HINTS TO HOUSEWIVES ON" several 

POINTS, PARTICULARLY ON THE PREPARATION OF 
ECONOMICAL AND TASTEFUL DISHES. By Mrs. 
Frederick. Crown 8vo. is. ' 

*• This unpretending and useful Httle volume distinctly supplies a desideratum 
.... The author steadilv keeps in view the simple aim of ' making every-day 
mcab at home, particularly the dinner, attractive,* without adding to the ordinary 
household expenses.' — Saturday Rkvibw. 

Grand'homme.— CUTTING-OUT and dressmaking. 

From the French of Mdlle. E. Grand' homme. With Diagrams. 
i8mo. IX. 

Jex-Blake.— THE CARE OF infants. a Manual for 
Mothers and Nurses. By Sophia Jex-Blake, M.D., Member 
of the Irish College of Physicians ; Lecturer on Hygiene at 
ihe London School of Medicine for Women. i8mo. is. 

Tegetmeier. — ^H ousehold management and 

COOKERY. With an Appendix of Recipes used by the 
Teachers of the National School of Cookery. By W. B. 
Tegetmeier. Compiled at the request of the School Boaid for 
London. i8mo. is. 
Thornton.— FIRST LESSONS IN BOOK-KEEPING. By 
J. Thornton. New Edition. Crown 8vo. 2j. 6^. 

The object of this volume is to make the theory of Book-keeping sufficiently 
plain for even children to understand it. 

A KEY TO THE ABOVE FOR THE USE OF TEACHERS 
AND PRIVATE STUDENTS. Containing all the Exercises 
worked out, with brief Notes. By J. Thornton. Oblong 4to. 
loj". 6d. 

Wright. — HE SCHOOL COOKERY-BOOK. Compiled and 
Edited by C. E. Guthrie Wright, Hon Sec. to the Edinburgh 
School of Cookery. i8mo. is. 

Wright.— THE MIDDLE CLASS COOKERY BOOK. By 
Miss RoMLEY Wright. [In preparation. 
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Anderson.— LINEAR perspective, and model 

DRAWING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. With Illustrations. Royal 
8vo. 2J. 

Collier a primer OF ART. With Illustrations. By John 

Collier. i8mo. is. 

Cook.— THE NATIONAL GALLERY : A POPULAR HAND- 
BOOK TO. By Edward T. Cook, with a Preface by John 
RusKiN, LL.D., and Selections from his Writings. Second 
Edition. Crown 8vo. Half Morocco, 14?. 
*#* Also an Edition on large paper, limited to 250 copies. 2 vols. 
8vo. 
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Dclamotte.— A BEGINNER'S DRAWING BOOK. By 
P. H. Delamottb, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. 5^. 6d, 

Ellis. — SKETCHING FROM NATURE. A Handbook tor 
Students and Amateurs. By Tristram J. Ellis. With a 
Frontispiece and Ten Illustrations, by H. Stacy Marks, 
R.A., and Thirty Sketches by the Author. New Edition, revised 
and enlarged. Crown 8vo. 3;. 6d, 

Hunt.— TALKS ABOUT ART. By William Hunt. With a 
Letter from Sir J. E. MiLLAis, Bart., R.A. Crown 8vo. 3J. 64/ 

Meldola. — the chemistry of photography. By 

Raphael Meldola, F.R.S., Professor of Chemistry in the 
Technical College, Finsbnry, City and Guilds of London Institute 
for the Advancement of Technical Education. Crown 8vo. 6s. 
{Nature Series,) 

Taylor.— A primer of pianoforte playing. By 

Franklin Taylor. Edited by Sir George Grove. i8mo. is, 

WORKS ON TEACHING. 

Arnold.— reports ON elementary schools. 1852- 

1882. By Matthew Arnold, D.C.L., LL.D. Edited by the 
Right Hon. Sir FranxiS Sandford, K.C.B. Crown Svo, 7s. 6d. 

Ball.- -the students guide to the bar. By Walter 
W. R. Ball, M. A., of the Inner Temple, Barrister- at- Law ; 
Fellow and Assistant Tutor of Trinity College, Cambridge, and 
Fellow of University College, London. Fourth Edition Revised. 
Crown 8vo. zr. 6d, 

BlakistOn — the teacher. Hints on School Management. 

A Handbook for Managers, Teachers' Assistants, and Pupil 

Teacheres. By J. R. Blakiston, M.A. Crown Svo. zr. 6d, 

(Reconmf ended by the London, Birmingham, and Leicester 

School Boards.) 

'* Into a compafatively small book he has crowded a great deal of exceedingly^ iisb- 

ful and sound advic6. It is a plain, common-sense book, full of bints to the teacher 

on the management of his school and his children." — School Board Chroniclb. 

Calderwood. — on teaching. By Professor Henry Calder- 
"WOOD. New Edition. Extra fcap. 8vo. 2s. 6d, 

Cbrtfet-.— EYESIGHT IN SCHOOLS. A Paper read before the 
Association of Medical Officers of Schools on April 15th, 1885. 
ByR. Brudent^ll Carter, F.R.C.S., Ophthalmic Surgeon to 
St. George's Hospital.- Crown 8V6. Sewed, 'is, 

Fearon. — school inspection. By D. R. Fearon, M.A., 
Assistant Commissioner of Endowed Schools. New Edition. 
Crown 8vo. 2s, 6d. 
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Geikic— THE TEACHING OF GEOGRAPHY. A Practical 
Handbook for the use of Teachers. By Archibald Geikie, 
F.R.S., Director-General of the Geological Survey of the United 
Kingdom, &c. (Being the Introductory Volume to Macmiilan's 
Geographical Series. ) Crown 8vo. 2s. 

Gladstone. — object teaching, a Lecture delivered at 

the Pupil-Teacher Centre, William Street Board School, Ham* 

mersmith. By J. H. Gladstone, Ph.D., F.R.S., Member of 

the London School Board. With -an Appendix. Crown 

8vo. 'S^/. 
" It is a ^ort but interesting and instructive publication, and our younger 
teachers will do well to read it carefully and thoroughly. There b much m these 
tew pages which they can learn and profit by." — Thb School Guakdian. 

Hertel.— -OVERPRESSURE in HIGH SCHOOLS IN DEN- 
MARK. By Dr. HerteL, Municipal Medical Officer, Copen- 
hagen. Translated from the Danish by C. Godfrey Sorbnsen. 
With Introduction by Sir J. Crichton-Browne, M.D., LL.D., 
F.R.S. Crown 8vo. y, 6d. 
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•<,* For other Works by these Authors, see Theological 

Catalogue. 

Abbott (Rev, E. A.)--BIBLE lessons. By the Rev. 
£. A. Aebott, D.D., Head Master of the City of London 
School. New Edition. Crown 8vo. 4/. 6d, 
"Wke, suggestive, and rea,lly profound initiation into religious thoi|ght." 
—Guardian. 

Abbott — Rushbrooke.— THE COMMON tradition of 

THE SYNOPTIC GOSPELS, in the Text of the Revised 
Version. By Edwin A. Abbott, D.D., formerly Fellow of St. 
John's College, Cambridge, and W. G. Rushbrooke, M.L., 
formerly Fellow of St. John's College, Cambridge. Cr. 8vo. 3^. 6</, 
The Acts of the Apostles. — Being the Greek Text as 
revised by Profes ors Westcott and Hort. With Explanatory 
Notes k>T the Use of Schools, by T. E. Page, M. A., late Fellow 
of St. John's College, Cambridge; Assistant Mastei at the Charter- 
house. Fcap. 8vo. 4^. 6d, 
Arnold. — Works by Matthew Arnold, D.C.L., formerly Pro- 
fessor of Poet 17 in the 'University of Oxford, and Fellow of Oriel. 
A %BIBLEREADING FOR SCHOOLS,— THE GREAT PRO- 
. PilECy.-OF I3J^A^L'S RESTORATION (Isaiah, Chapters 
xl.— Ixvi.). Arranged aj:^ Edited for Young Learners. New 
Edition. i8mo, cloth, u. 
ISAIAH XL.— LXVI. Wijh the. Shorter Prophecies allied to it. 

Arranged and Edited, with Notes. Crown 8vo. $s. 
ISAJAJI OF JERUSALEM, IN THE AUTHORISED ENG- 
. LISH YElsSION.  With Introduction, Corrections, and Notes. 
Crown Svo. ±s, CJ, 
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Benham. — a companion to the LECTIONARY. Bdng 
a Commentary on the Proper Lessons for Sundays and Holy Days. 
By Rev. W. Benham, B.D., Rector of S. Edmund with S. 
Nicholas Aeons, &c. New Edition. Crown 8vo. 4s. 6d. 

Cassel.— MANUAL OF JEWISH HISTORY AND LITERA- 
TURE ; preceded by a BRIEF SUMMARY OF BIBLE HIS- 
TORY. By Dr. D. Casseu Translated by Mrs. Henry Lucas. 
Fcap. 8vo. 2j. 6d. 

Cheetham.— A CHURCH HISTORY OF THE FIRST SIX 
CENTURIES. By the Yen. Archdeacon Cheetham, 
Crown 8vo. [/« the press. 

Cross. — BIBLE READINGS SELECTED FROM THE 
PENTATEUCH AND THE BOOK OF JOSHUA. By 
the Rev. John A. Cross. Seoond Edition enlarged, with Notes. 
Globe 8vo. 2s, 6d, 

Curteis.— MANUAL OF THE THIRTY-NINE ARTICLES. 
By G. H. CuRTEis, M.A., Principal of the Lichfield Theo- 
logical College. iln preparaHon. 

Davies.— THE EPISTLES OF ST. PAUL TO THE EPHE- 
SIANS, THE COLOSSIANS. AND PHILEMON; wUh 
Introductions aftd Notes, and an Essay on the Traces of Foreign 
Elements in the Theology oi these Epistles. By the Rev. J. 
Llewelyn Davies, M.A., Rector of Christ Church, St Maiy- 
lebone; late Fellow of Trinity CoHege, Cambridge Second 
Edition. Demy 8vo. *js. 6d, 

Drummond.— THE STUDY OF THEOLOGY, INTRO- 
DUCTION TO. By James DRUBtMOND, LL.D., Professor of 
Theology in Manchester New College^ London. Crown 8yo. 5^. 

Gaskoin.— THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with Preface 
by Rev. G. F. Maclear, D.D. Part L— OLD TESTAMENT 
HISTORY. i8mo. u. Part IL— NEW TESTAMENT. i8mo. 
ij. Part IIL—THE APOSTLES : ST, JAMES THE.GREAT, 
ST. PAUL, AND ST JOHN THE DIVINE. i8mo« is. 

Golden Treasury Psalter.— studenu' Editioa. Being an 

Edition of **The Psalms Chronologically arranged^ by Four 
Friends," with briefer Notes* i8mo. y, 6d, 

Greek Testament. — Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Ho&T. Two 
Vols. Crown 8vo. lor. 6d, each« 

Vol. I. The Text. 

Vol. II. Introduction and Appendix. 

Greek Testament.— Edited by CimoQ WEstcctfr audi Dr. 

Hort. School Edition of Tekt. i2mo. deth. 4r. £^. l8mo. 
roan, red edges. $s, 6d, - 
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Greek Testament — continued, 

GREEK TESTAMENT, SCHOOL READINGS IN THE. Being 
the outline of the life of our Lord, as given by St. Mark, with 
additions from the Text of the other Evangelists. Arranged and 
Edited, with Notes and Vocabulary, by the Rev. A. Calvert, 
M.A., late Fellow of St. Joha's College, Cambridge. Fcap. Svo. 
4x. 6d, 

THE ACTS OF THE APOSTLES. Being the Greek Text as 
revised by Drs. Westcott and Hort. With Explanatory Notes 
by T. E. Page, M.A., Assistant Master at the Charterhouse. 
Fcap. 8vo. 4^. 6d, 

THE GOSPEL ACCORDING to St. MATTHEW. Being the 
Greek Text as revised by Drs. Westcott and Hort. With 
Explanatory Notes by Rev. A. Sloman, M. A., Head Master of 
Birkenhead School. [In preparation. 

THE GOSPEL ACCORDING to St. MARK. Being the Greek 
Text as revised by Drs. Westcott and Hort. With Explanatory 
Notes .by Rev. J. O. F. Mu«ray» tM.A., Lecturer in Emmanuel 
College, Cambridge. Fcap. 8vo. [In preparation. 

THE GOSPEL ACCORDING TO St. LUKE. Being the Greek 
Text as revised by Drs. Westcott and HoRT, With Explana- 
tory Notes by Rev. John Bond, M.A, [In preparation, 

Hardwick. — Works by Archdeacon Hardwick :— 

A HISTORY OF THE CHRISTIAN CHURCH. Midclte 
Age. From Gregory the Great to the Excommunication of 
Luther. Edited by William Stubbs, M.A., Regius Professor 
of Modem Histoiy in the Univorsity of ObdbrdL With Four 
Maps. New Edition, Crown Svo. lor. 6d, 

A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Eighth Edition. Edited by Professor 
Stubbs. Crown %\o. lor. 6d, 

Hoole.— THE CLASSICAL ELEMENT IN THE NEW 
TESTAMENT. Considered as a Proof of its Genuineness, with 
an Appendix on the Oldest Authorities used in the Formation .of 
the Canon. By Charles -H. Hoole, M.A., Student of Christ 
Church, Oxford. 8vo. lOx. 6d, 

Jennings and Lrdwe.— THE PSALMS, with intro- 
ductions AND CRITICAL NOTES. By A. C. Jennings, 
M.A. ; assisted in parts by W. H. Lowe, M.A. In 2 vols. 
Second Edition Revwed. Crown «vo. 10*. (td. each. 

Kay.— ST. PAUL'S TWO EPtSTLES TO THE CORIN- 
THIANS, A COMMENTARY ON. By the late Rev. W. 
Kay, D.D., Rector of Gteat Leghs, Essex, and Hofi. Canon of 
St. Albans ; formerhr Principal of Bishop's College, Calcutta ; and 
Fellow and Tutor of Lincohi College, Demy ^vo. 9^. 

i 2 
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Kuenen.— PENTATEUCH AND BOOK OF JOSHUA : an 
Historico- Critical Inquiry into the Origin and Competition of the 
Hexateuch. By A. Kuenen, Professor of Theology at Leiden. 
Translated from the Dutch, with the assistance of the Author, by 

PHfLLIP H. WlCKSTEED, M.A. 8vo. I+T. 
The Oxford Magasins sAys: — **The work is absolutely indispensable to all 
spec-al students of the Old Testament." 

LightioOt. — Works by the Right Rev. J. B. Lightfoot, D.D., 
D.C.L., LL.D., Lord Bishop of Durham. 
ST. PAUL'S EPISTLE TO THE GALATIANS. A Revised 
Text, with Introduction, Notes, ahd Dissertations. Ninth 
Edition, revised. 8vo. I2s, 

ST. PAULAS EPISTLE TO THE PHILIPPIANS. A Revised 
Textj with Introduction, Notes, and Dissertations. Ninth 
Edition, revised. 8vo. 12s. 

ST. CLEMENT OF ROME— THE TWO EPISTLES TO 
THE CORINTHIANS. A Revised Text, with Introiuction and 
Notes. 8vo; 8^. 6rf. 

ST. PAUL'S EPISTLES TO THE COLOSSIANS AND TO 
PHILEMON. A Revised Text, with Introductions, Notes, 
and Dissertations^ Eighth Editicd, revised. 8vo. I2s, 

THE APOSTOLIC FATHERS. Part IL S. IGNATIUS— 
S. POLYCARP. Revised Texts, with - Introductions, Notes, 
Dissertations, and Translations. 2volumesin3. DemySvo. 48^. 

APOSTOLIC FATHERS. Abridged Edition. With short Intro- 
ductions, Greek Text^ and English Translation. By the same 
Author. 8vo. [In the press, 

Maclear* — Works by the Rev. (i. F. MAclear, D.D., Canon of 
Canterbury, Warden of St. • AngUstine^s College, Canterbury, and 
late Head'Master of King's College Schcroi, London :--> 

A CLASS-BOOK OF OLD TESTAMENT HISTORY* New 
Edition, with Four Maps. iSmoi . 4^. dd. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the* Old and New Testaments. 
With Four Maps. . New Editiofi. i8mo. 5j. 6<f. 

A SHILLING BOOK OF OLti TESTAMENT HISTORY, 
for National ahd Elementary Schools. With Map. l8mo, cloth. 
New Edition. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, 

for National and Elementary Schools. With Map. i8mo, cloth. 

New Edition. ' . . 

These works have bewi carefully abridged from the Author's 

large manuals. 
CLASS-BOOK OF THE CATECHISM OF THE CHURCH 

OF ENGLAND^ New Edition, i8mo. ij. 6</. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. With Scrit)ture Proofs, for Junior 
Classes ftnd.So&oolst New Edition. iSmo. (td\ 
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A MANUAL OF INSTRUCTION FOR CONFIRMATION 
AND FIRST COMMUNION. WITH PRAYERS AND 
DEVOTIONS. 321110. cloth extra, red edges. 2J. 

CLASS BOOK OF THE CREEDS. l8mo. [In the press, 

CLASS BOOK OF' THE THIRTY-NINE ARTICLES. 

[In preparation, 

Maurice:— TH;Ei lord's prayer, the creed, and 

THE COMMANDMENTS. A Manual for Parents and 
Schoblmasters. To^bich is added the Order of the Scriptures. 
BydieRier. F. DtNfSON Mavrice, M.A. i8mo, cloth, limp. is. 

Pentateuch and Book of' Joshua : an Historico-Criticai 

Inquiry into the* Origin arid Coinposition of the Hexateuch. By 
A. KUBNliN, Prbfe63or of Theolo^ at Leiden. Tratis'ated from 
the Dutijh^ with the assistance of the Author, by Philip H. 
WiCKSTSitD, M.A. 8vo. 14*^ 

Procter.— A HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Rev. F. Procter. 
M.A. 17th Edition, revised and enlarged. Crown 8vo. los. 6d. 

Proctei* and Maclean— an elementary intro- 

DtJCtlON TO THE BOOK OF COMMON PRAYER. Re- 
arranged and supplemented by an Explanation of the Morning 
and'Eventng PraVer and the Litany. By the Rev. F. Procter 
and the Rev; Dr. MacleaR. New and Enlarged Edition, 
contttihing the Communion Service and the Confirmation and 
Batylismal Offices. iSmo. Is, 6d, 

Psalms, The, with Introductions and Critical 

Notes* — By A. G» JaNKi>i<iS,M,A., Jesus College, Cambridge, 
Tyrwhitt Scholar, Crasste. Scholar, Hebrew University Prizeman, 
and Fry Scholar of St. John's College/ Carus and Sch^lefield 
Prizeman,. Vicar of Wbittljesford, Cambs. ; assisted in Parts by W. 
H. Lowe, M.A., Hebrew Lecturer and late Scholar of Christ's 
College, Cambridge, and Tyrwhitt Scholar. In 2 vols. Second 
Edition Revised. Crown 8vo* lor 6d. each. 

Ramsay. — ^THE CATECHISER'S manual • or, the Church 
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